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I NTRODUCT I ON 

The development of  space technology has  r e s u l t e d  i n  t h e  c r e a t i o n  of  i n t e r - / 3 *
p l a n t e t a r y  s p a c e c r a f t .  A s p a c e c r a f t  i s  an a r t i f i c a l  c e l e s t i a l  body upon which 
both Newtonian f o r c e s  and t h e  f o r c e  o f  g r a v i t y  a c t .  The motion of  a s p a c e c r a f t  
i s  t h e  ob jec t  of i n v e s t i g a t i o n  o f  a new branch o f  mechanics, s p e c i f i c a l l y  t h e  
mechanics of space f l i g h t .  

There a r e  two types  o f  engines  f o r  s p a c e c r a f t .  Engines o f  t h e  f irst  type  
develop t h r u s t  which exceeds t h e  Newtonian fo rce ,  b u t  on ly  f o r  a s h o r t  pe r iod  
of  t i m e .  Engines o f  t h e  second type  develop low t h r u s t ,  bu t  ope ra t e  f o r  long 
pe r iods  o f  t i m e .  

The dynamics o f  low- thrus t  s p a c e c r a f t  a r e  examined i n  t h i s  book. In  many 
cases  t h e  f o r c e  of  g r a v i t y  can be  regarded a s  low i n  comparison with t h e  New
ton ian  fo rce ,  and it can a l s o  b e  regarded as  a p e r t u r b a t i o n ,  This  circumstance 
enables  us t o  use t h e  c l a s s i c a l  methods of  t h e  p e r t u r b a t i o n  theory  of  c e l e s t i a l  
mechanics o r  o t h e r  asymptot ic  methods. The use o f  t h e s e  methods makes it pos
s i b l e  t o  ob ta in  approximate a n a l y t i c a l  s o l u t i o n s  f o r  c e r t a i n  problems, while  
i n  t h e  o t h e r  cases  i t  a f f o r d s  g raph ica l  phys i ca l  p r e r e q u i s i t e s  f o r  t h e  numer
i c a l  s o l u t i o n .  

The v i t a l  problem concerning t h e  search  f o r  t h e  optimum c h a r a c t e r i s t i c s  
of  a low-thrust  s p a c e c r a f t  execut ing a given maneuver has  been s t a t e d  i n  t h e  
works o f  such s c i e n t i s t s  G .  L .  Grodzovskiy, U .  Yu. Ivanov, and V .  V .  Tokarev. 
They have shown t h a t  t h e  s o l u t i o n  o f  t h e  s t a t e d  problem can be found i n  many 
cases  by making a p re l imina ry  c a l c u l a t i o n  o f  t h e  motion of  a s p a c e c r a f t .  

This  book r e p r e s e n t s  an o u t l i n e  of  t h e  methods f o r  c a l c u l a t i n g  t h e  motion 
of  a spacec ra f t  developing low- thrus t .  Numerous c a l c u l a t i o n s ,  which can be  o f  
independent i n t e r e s t ,  a r e  made by t h e  methods proposed h e r e i n .  Severa l  exam
p l e s  which i l l u s t r a t e  t h e  methods by which i t . i s  p o s s i b l e  t o  determine t h e  
optimum c h a r a c t e r i s t i c s  o f  a s p a c e c r a f t  on t h e  b a s i s  o f  t h e  c a l c u l a t i o n  of  i t s  / 4  
motion a r e  examined i n  t h e  l a s t  chapter .  

:;LL- I t  is  assumed i n  t h e  s o l u t i o n  o f  a l l  problems contained h e r e i n  t h a t  t h e  
spacec ra f t  i s  equipped .with a n o n - t h r o t t l e a b l e  engine.  Moreover, i t  i s  always 
assumed t h a t  t h e  s p a c e c r a f t ,  considered a s  a m a t e r i a l  p o i n t ,  moves wi th in  t h e  
g r a v i t a t i o n a l  f i e l d  o f  a s i n g l e  body. Pe r tu rba t ions  caused by non-spher ic i ty  
o f  a p l a n e t ,  atmospheric drag  e t c .  a r e  no t  taken  i n t o  account .  

The b a s i c  conten t  of t h e  book c o n s i s t s  o f  problems whose s o l u t i o n s  were 
found by t h e  au thor  i n  t h e  l abora to ry  of  General Mechanics and Hydrodynamics a t  
t h e  Computer Center  o f  t h e  USSR Academy o f  Sc iences .  The appropr i a t e  c i t a t i o n s  
had been made i n  those  cases  where t h e  r e s u l t s  o f  o t h e r  au thors  have been used. 
Furthermore, t h e  au thor  would l i k e  t o  t a k e  t h i s  oppor tuni ty  t o  mention t h a t  t h e  
r e s u l t s  of  unpublished works o f  I .  A.  V a t e l ' ,  I .  Y e .  Vol ' fson,  A. A. Golubeva, 
and F .  D. Ture tska  were used i n  t h e  t h i r d  chapter .i - .. 

"Numbers i n  t h e  margin i n d i c a t e  pag ina t ion  on t h e  fo re ign  t e x t .  
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The au thor  a l s o  expressed h i s  g r a t i t u d e  t o  N .  N.  Moiseyev, U. Yu. Yevtu
shenko, A.  F.  Kononenko, A .  A .  Petrov, and S. N .  Miroshnik f o r  t h e i r  d i l e g e n t  
review of t h e  manuscript of t h i s  book and f o r  t h e i r  many h e l p f u l  remarks. 

2 




CHAPTER 1 

S I N P L E  METHODS OF SPACECRAFT CONTROL 

V .  N .  Lebedev 

ABSTRACT. T h e  d e r i v a t i o n  and a n a l y s i s  of s i m p l e  methods of 
control  which make i t  p o s s i b l e  t o  execute  c e r t a i n  maneuvers 
a r e  considered i n  Chapter 1 .  T h e  b a s i c  requirement imposed 
upon these con t ro l  methods is  s i m p l i c i t y  o f  a n a l y s i s  and 
execut ion.  Methods o f  control  which maintain t h e  o s c u l a t 
i n g  elements, o r  t h e i r  more r ap id ly  changing va lues ,  con-. 
s t a n t  a r e  examined. T h e  methods o f  contro'l descr ibed here
i n ,  and combinations of t h e m ,  can be used f o r  t h e  execut ion 
of a v a r i e t y  of maneuvers. 

One o f  t h e  b a s i c  problems concerning t h e  c o n t r o l  of a s p a c e c r a f t  i s  t h e  / 5-
determinat ion and a n a l y s i s  of simple con t ro l  systems by which a given maneuver 
can be executed. Such methods of c o n t r o l  do no t  n e c e s s a r i l y  have t o  be  c l o s e  
t o  opt imal .  A b a s i c  requirement i s  s i m p l i c i t y  of  a n a l y s i s  and execut ion ( i n  
comparison with optimal c o n t r o l ) .  I n  t h i s  chapter  w e  w i l l  i n v e s t i g a t e  methods 
o f  c o n t r o l  by which t h e  va lues  o f  t h e  o s c u l a t i n g  elements,  o r  t h e i r  more r ap id 
l y  changing values ,  are kept cons t an t .  A wide v a r i e t y  o f  manuvers can be  exe
cuted by t h e s e  methods, o r  o f  combinations t h e r e o f .  

5 1 .  D i f f e r e n t i a l  Relat ions f o r  Osculating Elements 

A 
By regarding t h e  t h r u s t  of  an engine a s  a pe r tu rb ing  f o r c e ,  t h e  motion o f  

t h e  c r a f t  can be desc r ibed  by t h e  Newton equat ions f o r  t h e  theory of per turbed 
motion [l]:

$' 

(1.3) 




where u = w +  8; 

and i? i s  r e l a t e d  t o  t by 

Here e i s  e c c e n t r i c i t y ,  p i s  a parameter,  w i s  t h e  angular  d i s t a n c e  from t h e  
p e r i c e n t e r  t o  t h e  node: R i s  t h e  longi tude o f  t h e  ascending node: i i s  t h e  
i n c l i n a t i o n  o f  t h e  o r b i t :  T i s  t h e  time of t r a n s i t  through t h e  p e r i c e n t e r :  
t i s  time: 8 i s  t h e  t r u e  anomaly: u i s  t h e  l a t i t u d e  argument: a ra  a$’ 

a 
z 

a r e  

p r o j e c t i o n s  of  t h e  r e a c t i v e  a c c e l e r a t i o n  ( r a t i o s  of  t h e  f o r c e  o f  g r a v i t y  t o  t h e  
mass of  t h e  s p a c e c r a f t )  i n  t h e  d i r e c t i o n  of  t h e  Vector r a d i u s ,  pe rpend icu la r  
t o  i t  i n  t h e  o r b i t a l  plane,  and pe rpend icu la r  t o  t h e  o r b i t a l  plane:  IJ = fM 
i s  t h e  product of  t h e  g r a v i t a t i o n a l  constant  and t h e  mass o f  t h e  a t t r a c t i n g  
c e n t e r .  

In s t ead  o f  t h e  elements e and p a  we may u s e  t h e  fol lowing values:  t h e  
d i s t a n c e  t o  t h e  p e r i c e n t e r  

P
r n - - - ,
i + e  

t h e  d i s t a n c e  t o  t h e  apocenter  

r a  --P 
1-e 

, .$ ~. 
and t h e  l a r g e  semiaxis  

A = - .  P 
(1.9)

1-e2 

By d i f f e r e n t i a t i n g  expressions (1.7)-(1.9)  and us ing  (1.1) and ( 1 . 2 ) ,  we o b t a i n  

(1. l o )  
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(1.11) 

(I.12)/7-

As t h e  f irst  two equa t ions  i n  t h e  equat ion system ( l . l ) - ( 1 . 6 ) ,  w e  may use  
any p a i r  o f  ( l . l ) ,  ( 1 .2 ) ,  (1.10)-(1.12) [ 2 ] .  

52. Simple Methods o f  Controlling the Thrust of a Spacecraf t  

Several  simple methods o f  s p a c e c r a f t  con t ro l  based on t h e  a l t e r a t i o n  of  
t h e  o r b i t a l  parameters can b e  de r ived  d i r e c t l y  from t h e  equa t ion  system (1..1)
(1 .6) .  Thus, f o r  example, it i s  c l e a r  from equa t i cn  (1.2)  t h a t  i f  t h e  t h r u s t  
f a c t o r  o f  t h e  engine i s  d i r e c t e d  wi th in  t h e  o r b i t a l  p l a n e  pe rpend icu la r  t o  t h e  
v e c t o r  r a d i u s  ( i n  t h e  t r a n s v e r s a l )  t hen  t h e  parameter p w i l l  vary a t  t h e  g r e a t 
e s t  p o s s i b l e  ra te  f o r  a given amount of  t h r u s t .  But i f  t h e  p r o j e c t i o n  of  t h e  
t h r u s t  on t h e  t r a n s v e r s a l  i s  equal t o  zero,  then t h e  parameter w i l l  remain 
cons t an t ,  I t  fol lows from equat ions (1.4) and (1.5)  t h a t  t h e  p o s i t i o n  of  t h e  
o r b i t a l  p l ane  i n  space i s  a f f e c t e d  only by t h e  t h r u s t  component normal t o  t h e  
in s t an taneous  orbj . ta l  plane,  whereupon t h e  monotonic change of t h e  i n c l i n a t i o n  
of  t h e  o r b i t  r e q u i r e s  t h a t  t h e  d i r e c t i o n  of  t h e  t h r u s t  be r eve r sed  a t  t h e  p o i n t  
where u = h / 2 ,  whi le  t h e  monotonic change o f  t h e  longi tude of  t h e  ascending 
node r e q u i r e s  t h a t  t h e  r e v e r s a l s  occur 011 t h e  l i n e  o f  t h e  nodes where u = 0 ,  IT. 

The q u a l i t a t i v e  and q u a n t i t a t i v e  (based on che method o f  averages) analyses  of 
t h e  v a r i a t i o n  of  o r b i t a l  elements under the e f f e c t  o f  t h r u s t  normal t o  t h e  
o r b i t a l  p l ane  are given i n  [ 3 ] .  The s o l u t i o n  of  t h e  problem i s  given i n  f i n i t e  
form i n  [4]  f o r  t h e  case of  a c i r c u l a r  o r b i t  and cons t an t  r e a c t i v e  acce le ra 
t i o n .  

Let us consider  f l a t  manowvers f o r  s p a c e c r a f t  ( a  
Z 

= 0 ) .  Let a be t h e  mod

ulus of  r e a c t i v e  a c c e l e r a t i o n ,  and A t h e  angle between t h e  v e c t o r  r ad ius  of  t h e  
s p a c e c r a f t  and t h e  t h r u s t  v e c t o r  (Figure 1 ) .  Then a r = a c o s i l x  A a+ = a sin 
A ,  and t h e  d i f f e r e n t i a l  r e l a t i o n s  (1.1)-(1.3)  and (1.10)-(1.12) f o r  .the e l e 
ments e, p ,  w, rn’ ra’ and .4 w i l l  b e  w r i t t e n  a s  fol lows:  

(1.13) 

(1.14) / 8  

(1.15) 

(1.16) 
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(1 .17)  

(1.18) 

A l l  t h e  r e l a t i o n s  obtained are of  t h e  form 

(1.19) 

where K i s  any one o f  t h e  s i x  elements under considerat ion. ;  f 1 and f 2  are 

known func t ions  of  e, p,  4 .  By equat ing expression (1.19) t o  zero,  w e  f i nd  

t a n h  = - f ,  (e ,  P ,  9) ( 1 . 2 0 )
f 2 k  P,  ’ 

which a s su res  t h a t  t h e  element K w i l l  be cons t an t .  

- To f i n d  t h e  equat ion which w i l l  i n 
sure t h e  maximum ra te  of  change of t h e  
element K ,  w e  w i l l  equate  t h e  p a r t i a l  
d e r i v a t i v e  f o r  t h e  A f unc t ion  of  (1.19) 
t o  zero,  assuming t h a t  a c c e l e r a t i o n  a 
c l e a r l y  i s  not a func t ion  of  A :  

a .d:< 51 - fi E - f l  ( e ,  P, 8 ) s i n h  + 

+ f2(e ,  p, 9)cfi X I  - 0 

from which we f i n d  
~ - . _ _  __  . - . =

0 3c 

Figure 1 

( 1 . 2 1 )  
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sin?... - - (1.22) 

(1.23) 

We then  s u b s t i t u t e  t h e  va lues  of  s i n  A andmsin-e A found, i n t o  t h e  expression/9 
f o r  t h e  second d e r i v a t i v e  of  t h e  func t ion  dK/dt f o r  A and i n t o  t h e  value o f  the-
d e r i v a t i v e  o f  dK/dt: 

Thus t h e  equat ion  

i n s u r e s  t h e  maximum r a t e  o f  i n c r e a s e  f o r  K ,  while t h e  equat ion 

corresponds t o  t h e  m a x i m u m  r a t e  o f  r educ t ion  o f  K .  

Comparison o f  formulas (1.20) and (1.21) shows t h a t  t h e  t h r u s t  vectors which/lO 
~ 

provide  cons tan t  va lues  o f  K and t h e  maximum r a t e  o f  change o f  K a r e  perpendic
u l a r .  

By us ing  t h e  procedure o u t l i n e d  above f o r  r e l a t i o n s  (1.13)-(1.18) ,  we f i n d  
t h e  fol lowing means o f  con t ro l  o f  t h e  spacec ra f t :  

7 



1)  con t ro l  i n su r ing  cons tan t  e c c e n t r i c i t y  

2) con t ro l  i n su r ing  t h e  cons tan t  parameter 

( r ad ia l  t h r u s t )  ; 
3) con t ro l  i n su r ing  cons tan t  p o s i t i o n  o f  a p s i d a l  l i n e  

4) con t ro l  i n su r ing  cons tan t  d i s t a n c e  t o  t h e  p e r i c e n t e r  

5) con t ro l  i n su r ing  cons tan t  d i s t a n c e  t o  apocenter  

6) con t ro l  i n su r ing  cons tan t  l a r g e  semiaxis  

(normal. t h r u s t )  ; 
7) c o n t r o l  i n su r ing  maximum r a t e  of change of e c c e n t r i c i t y  

(1.24)  

(1.25) 

(1.26) 

(1.27) 

(1.28)  

(1.29) 

(1.30) 

8 
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8) c o n t r o l  i n s u r i n g  maximum ra te  of  change of  t h e  parameter 

h =  * n / 2  (1.31) 

( t r a n s v e r s a l  t h r u s t ) ;  
9) c o n t r o l  i n s u r i n g  maximum rate  of  r o t a t i o n  of  a p s i d a l  l i n e  

t a n  -tan9 	2 + c c o s a .  (1.32)
l + e c o s 9  ' 

10) c o n t r o l  i n s u r i n g  maximum ra te  o f  change of  d i s t a n c e  t o  p e r i c e n t e r  

(1.33) 

11) c o n t r o l  i-nsuring maxi-mum r a t e  o f  change of  d i s t a n c e  t o  apocenter  

(1 .34)  

12) c o n t r o l  i n s u r i n g  maximum r a t e  o f  change of  l a r g e  semiaxis 

(1. .35) 

( t a n g e n t i a l  t h r u s t )  . 
I t  follows from formulas (1.24)-(1.35) t h a t  t h e  d i r e c t i o n  of  t h e  t h r u s t  

v e c t o r  i s  a func t ion  only of e c c e n t r i c i t y  and t r u e  anomaly. These va lues  can 
be expressed through t h e  coord ina te s  o f  t h e  s p a c e c r a f t  and i t s  v e l o c i t y  compon
e n t s .  By using a p o l a r  coord ina te  system, c o n t r o l  becomes a f u n c t i o n  o f  t h e  
d i s t a n c e  between t h e  a t t r a c t i n g  c e n t e r  and t h e  s p a c e c r a f t  r and of  t h e  r a d i a l  
and t r a n s v e r s a l  v e l o c i t y  components u and v.  The form of  t h i s  f u n c t i o n  oan be  
found by using t h e  fol lowing r e l a t i o n s :  

9 



Some of formulas (1.24)-(1.35) are given in [5]. 


53. Some Features o f  Simple Methods of Control /12-
Relations (1.24) - (1.35) determi-nethe direction of the thrust vector. If 

the rea.ctiveacceleration is controllable, it should be equal to the maximum 
value, since the rate of change of the osculating elements is proportional to 
the magnitude of reactive acceleration. Reactive acceleration is a known 
function of time for the case of constant thrust and constant per-second fuel 
consumption. 

In the derivation of relations (1.24)-(1.35) it was assumed that there 
were no perturbing forces. The presence of perturbations is risky only for the 
group of control procedures which insure a constant osculating element (equa
tions (1.24)-(1.29)). As soon as the perturbing force is no longer small in 
comparison with the thrust, the osculating element ceases t o  be constant. 
Naturally it is possible that certain types of perturbations will produce some 
small, but tolerable,long-term changes in the element. It is no worry that the 
vector sum of perturbing forces is known, then it is always possible to find 
an equation which insures that the osculating element will be constant (as
suming of coiirse that the modulus of  this vector is less than the thrust 
force). The direction of thrust should be selected in such a way that the vec
tor equal to the sum o: the vectors of the perturbing forces and thrust will 
form with the vector radius an angle A determined by the corresponding relation 
from (1.24)-(1.29). 

The presence of perturbing forces, as we will demonstrate, does not hamper 

the maileuver for the second group of control procedures, specifically for those 

equations which insure the maximum rate of change of the elements. 


Let b he the ratio of the total perturbing force, a function in the gener
al case of the phase coordinates of the spacecraft and of time, to the mass of 
the spacecraft, and let K be the angle between the vector radius and the direc
tion of  the perturbing force. Then expression (1.19) for the derivative of 
some osculating element in time will have the form (for brevity we will not 
show tha.t f1 and f2 are functions of the phase coordinates): 
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I n t o  t h i s  express ion  w e  w i l l  s u b s t i t u t e  con t ro l  (1.22) and (1.23) ,  which in- /13 
s u r e s  t h e  maximum rate  o f  mange  o f  t h e  element K:  

(1.36) 

Here t h e  "plus" s i g n  corresponds t o  an inc rease  and t h e  "minus!' s i g n  corresponds 
t o  a decrease  of t h e  element K .  I t  i s  no t  d i f f i c u l t  t o  demonstrate t h a t  t h e  
f i rs t  term i n  express ion  (1.36) f o r  t h e  modulus i s  always g r e a t e r  than  t h e  
second i f  a > b .  I n  o t h e r  words, i f  t h e  pe r tu rb ing  f o r c e  i s  less than  t h e  
t h r u s t ,  t h e  change i n  t h e  element w i l l  occur  i n  t h e  r equ i r ed  d i r e c t i o n  a14 
though no t  a t  t h e  maximum p o s s i b l e  r a t e .  The sma l l e r  t h e  pe r tu rb ing  f o r c e ,  
t h e  c l o s e r  t h e  r a t e  of  change o f  t h e  element w i l l  be t o  t h e  maximum p o s s i b l e .  

The execut ion of  c e r t a i n  maneuvers can be impeded by one of  t h e  inadequa
c i e s  o f  t h e  c o n t r o l  methods o u t l i n e d  above. By way of  i l l u s t r a t i o n ,  l e t  us 
cons ider  t h e  fol lowing maneuver: a reduct ion  i n  o s c u l a t i n g  e c c e n t r i c i t y  a t  a 
cons tan t  d i s t a n c e  from t h e  p e r i c e n t e r .  We w i l l  s u b s t i t u t e  t h e  va lue  of t h e  
tangent  of  t h e  c o n t r o l l i n g  angle  (1.27) i n t o  t h e  express ion  f o r  t h e  d e r i v a t i v e  
of  de /d t  der ived  from (1.13) .  We thus  ob ta in  

With cons ide ra t ion  of  t h e  func t ion  

w e  f i n d  

from which it fo l lows  t h a t  i n  o r d e r  t o  reduce e c c e n t r i c i t y ,  t h e  c o n t r o l l i n g  
angle  should be loca ted  i n  t h e  t h i r d  o r  f o u r t h  quadrant .  Thus, angle  ?, i s  de
termined from t h e  r e l a t i o n s  
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Figure r e l a t i o n  

(1.37) 

(1.38) 

Figure. 2a, where it was assumed i n  t h e  c o n s t r u c t i o n  of t h e  graph t h a t  eccentri-& 
c i t y  i s  constant  va lue ,  equal t o  0.5, g ives  a r e p r e s e n t a t i o n  o f  t h e  n a t u r e  of 
t h e  dependence o f  t h e  c o n t r o l l i n g  angle  on t h e  t r u e  anomaly. The f i g u r e  shows 
t h a t  when 6 = IT, t h e  d i r e c t i o n  of  t h r u s t  must be  r eve r sed .  The dependence of  
t h e  c o n t r o l l i n g  ang le  on time d i f f e r s  g r e a t l y  from t h e  graph i n  Figure 2 ,  s i n c e  
t h e  angular  v e l o c i t y  of r o t a t i o n  of  t h e  a p s i d a l  l i n e  may have e i t h e r  s i g n  and 
may be  a s  l a r g e  as d e s i r e d ,  as fol lows from (1.15) .  These two cond i t ions ,  spe
c i f i c a l l y  t h e  v i o l a t i o n  of  t h e  func t ion  X = A(6,e) and t h e  unboundedness of  t h e  
angular  v e l o c i t y  of  r o t a t i o n  of  a p s i d a l  l i n e ,  a l s o  p r e s e n t  d i f f i c u l t i e s  i n  t h e  
execut ion of t h e  above-mentioned maneuver. Let us  e l a b o r a t e  on t h i s .  

Let 4 be t h e  p o l a r  angle ,  i .  e .  t h e  
A 	 angle  taken from some f i x e d  a x i s  i n  t h e  

plane of  p r o j e c t o r y  counter  clockwise t o  
t h e  v e c t o r  r a d i u s  o f  t h e  s p a c e c r a f t  (see 

t h eThe angles  (assuming 4 a r eangles~2~~~ l a t e d  by1).  6 ,  w and t h a t  r e 

p" 
w and I$ are taken from t h e  same a x i s )  

-~ lr L ( v - u : ,A 
Q $,7 II $I7 2iT 

whence we f i n d  t h e  value of  t h e  d e r i v a t i v e  
of  t h e  t r u e  anomaly 

F i g u r e  2 

(1.39) 

b u t  we w i l l  compute t h e  va lue  of  t h i s  d e r i v a t i v e  i n  t h e  apocenter .  From 
(1.15) it follows t h a t  

(1 .40)  
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By us ing  t h e  known r e l a t i o n s ,  we f i n d  

(1.41) 

Then, by s u b s t i t u t i n g  (1.40) and (1.41) i n t o  (1.39) ,  w e  o b t a i n  

A change i n  t h e  d i r e c t i o n  of  t h r u s t  i n  t h e  apocenter  r e s u l t s  i n  a sudden change 

i n  t h e  d e r i v a t i v e  d W d t  by t h e  va lue  of 2 a m / e .  I f  it thus  seems t h a t  t h e  
angular  v e l o c i t y  of  t h e  s p a c e c r a f t  wi th  r e spec t  t o  t h e  modulus i s  l e s s  than 
t h e  r o t a t i o n a l  v e l o c i t y  of  t h e  a p s i d a l  l i n e ,  i . e .  

(1.42) 

then  t h e  d e r i v a t i v e  dd/dt  changes s i g n s .  L e t  t h e  s p a c e c r a f t  approach t h e  apo
cen te r  from t h e  d i r e c t i o n  of  t h e  va lues  of t r u e  anomaly l e s s  than  T I .  The apo
c e n t e r  i s  d i sp laced  toward t h e  s p a c e c r a f t ,  s i n c e  from ( l . l S ) ,  (1.37) and (1.38) 
it fol lows t h a t  when 6 i s  c l o s e  t o  TT,t h e  angular  r o t a t i o n a l  v e l o c i t y  of t h e  
aps ida l  l i n e  i s  nega t ive .  Let us  assume t h a t  t h e  i n e q u a l i t y  

i s  s a t i s f i e d .  The s p a c e c r a f t  a r r i v e s  a t  t h e  apocenter  wi th  a c o n t r o l l i n g  angle  
X = n ( see  F igure  2 ) .  After  t h e  d i r e c t i o n  of  t h r u s t  i s  r eve r sed ,  t h e  angular  
v e l o c i t y  of t h e  s p a c e c r a f t  does not  change, bu t  t h e  angular  r o t a t i o n a l  v e l o c i t y  
of t h e  a p s i d a l  l i n e  changes s i g n ,  r e t a i n i n g  t h e  same magnitude. The r e s u l t  i s  
t h a t  t h e  spacecraEt  changes i t s  d i r e c t i o n  of motion r e l a t i v e  t o  t h e  apocenter ,  
i . e .  t h e  va lue  o f  t h e  t r u e  anomaly becomes l e s s  than  n ,  and t h e  va lue  o f  t h e  
c o n t r o l l i n g  angle  should be  c l o s e  t o  n ,  bu t  no t  2n .  Thus, i n  t h e  example 
under cons ide ra t ion ,  i t  is  impossible  t o  f i n d  an equat ion  which guarantee:: :lie 
execut ion of  t h e  maneuver ( t h e  r educ t ion  of e c c e n t r i c i t y  a t  a cons tan t  d i s t a n c e  
from t h e  p e r i c e n t e r )  a f te r  t h e  s p a c e c r a f t  a r r i v e s  a t  t h e  apoceriter.  The simpl
es t  escape from t h i s  s i t r i a t i o n  i s  t h e  s h u t t i n g  down of  t h e  eng:i,ie for a per iod  
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of time (for example during the time of motion of the spacecraft from the apo
center to the pericenter) . 

It follows from (1.42) that the obstacle under consideration arises if the/l6
-
inequality 


is satisfied at the moment 9 = T I ,  i.e. in cases where either the thrust is 
great in comparison with the local weight of the spacecraft, or the eccentri
city is small. 

In concluding this section, it should be noted that in some cases, appar
ently, the control methods outlined above should be replaced by simpler methods. 
Thus, if the thrust is small in comparison with the force of attraction, while 
eccentricity is of the order of unity, but less than unity, we may assume on 
the basis of equations (1 .13)  and (1.15) that e and w will be constants during 
the time of one, or even of several revolutions. In this case the controlling 
angle A will be a function only of the polar angle. The shape of this function 
should change somewhat through one or through several revolutions of the space
craft, by determining new values of e and u, 

S4. Analysis o f  Change in Osculating Elements 

In order to accomplish control procedures (1.24)-(1.29), which provide the 
constancy of some osculating element, it is necessary in each case to know the 
behavior of the other elements so that we may be able in the required manner 
to select one of the two controlling angles which satisfy equation (1.24)
(1.29). Thus, in the example described in the preceding section (reduction of 
eccentricity at a constant distance from the pericenter), the controlling angle 
was defined uniquely only after the character of change of eccentricity had 
been analyzed. As regards control methods (1 .30)?(1 .35) ,  which correspond to 
the maximum rate of change of the elements, the choice of the direction of 
change of the element (increase or decrease) enables us to define uniquely the 
controlling angle. It is necessary in this case, however, to know the behavior 
of the other osculating elements. 

Relations (1.13) - <1.18) enable us, from the qualitative standpoint, to 
analyze the changes in the elements in one revolution with respect to the true 
anomaly. It seems that in many cases -that certain elements vary in one direc
tion for all values of the true anomaly; this prompts the conclusion that the /17
corresponding elements vary monotonically during the course of the entire man

euver. 


As an example, let us consider the behavior of the osculating elements 

during thrust in the tangential direction. 
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1 .  Eccen t r i c i ty .  

L e t  us s u b s t i t u t e  t h e  va lue  of  t h e  tangent  o f  t h e  c o n t r o l l i n g  angle  (1.35) 
i n t o  t h e  expression f o r  t h e  t i m e  d e r i v a t i v e  o f  e m e n t r i c i t y  (1.13):  

I t  fol lows from t h e  express ion  der ived  t h a t  when 0 < A < T I ,  i . e .  i n  t h e  
case  where t h r u s t  i s  d i r e c t e d  with v e l o c i t y ,  e c c e n t r i c i t y  i n c r e a s e s  i n  t h a t  
p a r t  o f  t h e  r evo lu t ion  where cos&> -e .  When C O S $ <  - C  e c c e n t r i c i t y  diminishes .  
If  t h r u s t  i s  d i r e c t e d  a g a i n s t  v e l o c i t y  (n. -< A < 2 ~ 1 1 ,t hen  e c c e n t r i c i t y  inc reas 
es i f  cask-e, bu t  diminishes  i f  cosd>-e.  In  t h e  case  of  hyperbol ic  motion 
(e > l), e c c e n t r i c i t y  always i n c r e a s e s  when 0 2 A < T I ,  bu t  diminishes  when 

TI 	 < A < 2TI.-

2.  Parameter. 

When 0 -< X < T I ,  t h e  parameter  i nc reases  and when TI A < 2 ~ r ,  it diminishes .  

3 .  Angular Distance of Pe r i cen te r  from Node. 

When 0 < A < T I ,  angle  w i n c r e a s e s  if O < & <  x.1 and diminishes  if n < 9 < 2 1 1 .  
When n. -< A <-27r, angle  w inc.reases i f  n < 6 < 2 ~ ,arid diminishes  i f  O < & < n .  

4 .  Distance t o  P e r i c e n t e r .  
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I f  0 < X < TT,t h e  d i s t a n c e  t o  t h e  p e r i c e n t e r  i n c r e a s e s ,  and i f  T -< A < ~ T T ,  
it diminishes .  

5. Distance t o  Apocenter. 

The d i s t a n c e  t o t k  apocenter  i n c r e a s e s  when 0 -< X < TT and it  diminishes 
when TT < X < 27r.-

6 .  T h e  Large Semiaxis. 

When 0 -< X < TT,t h e  l a r g e  semiaxis i n c r e a s e s ,  bu t  when TT -< X < ~ T Ti t  
diminishes .  

Thus, i f  t h e  t h r u s t  i s  d i r e c t e d  with v e l o c i t y ,  t h e  parameter,  d i s t a n c e s  
t o  t h e  p e r i c e n t e r  and apocenter ,  and l a r g e  semiaxis i n c r e a s e  monotonically.
WkEnthe motionis hyperbolic, e c c e n t r i c i t y  a l s o  i n c r e a s e s  monotonically.  If t h e  
t h r u s t  i s  d i r e c t e d  counter  t o  t h e  v e l o c i t y  then a l l  t h e s e  elements w i l l  dimin
i s h  monotonically.  

Analogous r e sea rch  was conducted f o r  a l l  methods o f  c o n t r o l .  The r e s u l t s  
o f  t h e s e  analyses  a r e  summarized i n  Table 1 ( f o r  e l l i p t i c a l  motion) and i n  
Table 2 ( f o r  hyperbol ic  motion).  The i n e q u a l i t i e s  f o r  6 i n  t h e  boxes of  t h e  
t a b l e s  i n d i c a t e  t h e  ranges where t h e  o s c u l a t i n g  elements i n c r e a s e  when 0 5 i 
< T T .  Thus, f o r  example, f o r  t h e  method o f  constant  d i r e c t i o n  of  t h e  ap-sidal 
l i n e  when t h e  motion i s  e l l i p t i c a l ,  t h e  l a r g e  semiaxis i n c r e a s e s  when cos8  > O  

and whencosiP<.-2e/(I+e')), i f  0 < X < IT. This means t h a t  when - 2 e / ( l  + e 2  < 
< c o s 3  ;() t h e  l a r g e  semiaxis diminishes .  If  angle  h i s  taken wi th in  t h e  range TT 

t o  A T ,  t hen  t h e  l a r g e  semiaxis ,  on t h e  hand, diminishes i f  6 s a t i s f i e s  t h e  

i n e q u a l i t i e s c o s g  > O.or Cos < -:?e/(l$ e 2  )and i n c r e a s e s  when -2 e / ( l+  iz)'<cosS< 0 .  
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The empty boxes i n  t h e  t a b l e s  s i g n i f y  t h a t  t h e  corresponding elements diminish 
f o r  a l l  6 ( f o r  t h e  case 0 5 A c T ) .  

55. Poss ib l e  Applicat ions o f  Simple Methods o f  Control /19 

O f  t h e  c o n t r o l  methods which w e  have examined so fa r ,  t h e  fol lowing have 
been i n v e s t i g a t e d  t h e  most thoroughly t a n g e n t i a l  t h r u s t ,  t r a n s v e r s a l ,  r a d i a l  
and normal. Much r e sea rch  i n  p a r t i c u l a r  has  been devoted t o  t h e  a p p l i c a t i o n  
of  t a n g e n t i a l  and t r a n s v e r s a l  t h r u s t  f o r  t h e  propuls ion of  a s p a c e c r a f t  by a 
low-thrust  engine.  Some of  t h e  o t h e r  methods can b e  used f o r  t h e  purposes o f  
a d j u s t i n g  o r b i t s ,  For example, t h e  rounding of  an e l l i p t i c a l  o r b i t  can be 
accomplished by t h e  a p p l i c a t i o n  of  c o n t r o l  which i n s u r e s  t h e  maximum r a t e  of  
change of  e c c e n t r i c i t y .  I n  reducing e c c e n t r i c i t y  (not a t  t h e  maximum r a t e )  it 
i s  p o s s i b l e  t o  maintain t h e  cons t an t  d i s t a n c e s  t o  t h e  p e r i c e n t e r  o r  the1 
apocenter  e t c .  

The method of  c o n t r o l  which i n s u r e s  increased e c c e n t r i c i t y  a t  a constant:  
d i s t a n c e  t o  t h e  p e r i c e n t e r  can be used f o r  probing nea r -ea r th  space.  This 
method i s  s u i t a b l e  because t h e  s p a c e c r a f t  i s  n e a r e r  t h e  s u r f a c e  of  t h e  e a r t h  i n  
each r evo lu t ion ,  which i s  advantageous f o r  t h e  t ransmission of  information,  
while  t h e  apocenter g e t s  i n c r e a s i n g l y  f a r t h e r  from t h e  e a r t h  as e c c e n t r i c i t y  
i s  inc reased .  

Combinations of  t h e  above-examined c o n t r o l  methods can be used f o r  t h e  
execut ion of  rathercomplex maneuvers. The s o l u t i o n  of t h e  problem examined i n  
t h e  following- s e c t i o n ,  concerning t h e  p o s i t i o n i n g  of  a s p a c e c r a f t  i n  a c i r c u l a r  
o r b i t  a s  i t  approaches a p l a n e t ,  i s  a good example. 

96. 	 The Problem o f  Plac  ng a Spacecraf t  i n  a C i rcu la r  Orbi t  on Approach t o  a 
P 1 ane t  

We know t h a t  during t h e  a c c e l e r a t i o n  of  a s p a c e c r a f t  t h e  t a n g e n t i a l  t h r u s t  
i s  c l o s e  t o  optimal from t h e  s t andpo in t  of f u e l  consumption. I t  i s  n a t u r a l  t o  
assume t h a t  d e c e l e r a t i o n  of  t h e  s p a c e c r a f t  i s  a l s o  e a s i l y  accomplished by 

T us ing  t a n g e n t i a l  t h r u s t .  

We w i l l  assume t h a t  d e c e l e r a t i o n  of  a s p a c e c r a f t  begins  a t  t h e  moment t h a t  
t h e  s p a c e c r a f t  f a l l s  i n t o  t h e  sphere of  i n f luence  of  t h e  p l a n e t .  To i n s u r e  
t h a t  a c i r c u l a r  o r b i t  o f  a given r a d i u s  i s  achieved through t a n g e n t i a l  t h r u s t  
during d e c e l e r a t i o n ,  t h e  v e l o c i t y  v e c t o r  of  t h e  s p a c e c r a f t  must be completely 
def ined a t  t h e  i n i t i a l  moment. By so lv ing  t h e  oppos i t e  problem, i . e .  t h e  
problem of  acce1e)ration o f  a s p a c e c r a f t  using t a n g e n t i a l  t h r u s t  from a given 
c i r c u l a r  o r b i t  t o  t h e  sphere o f  i n f luence ,  it i s  p o s s i b l e  t o  determine t h i s  / 2 0  

I 

vec to r :  U = U o ,  e = f3 0’ where U i s  t h e  modulus of  t h e  v e l o c i t y  v e c t o r ;  0 i s  

t h e  angle  between t h e  l i n e  pe rpend icu la r  t o  t h e  v e c t o r  r a d i u s  and t h e  v e l o c i t y  

v e c t o r  (see Figure 1). If t h e  va lues  of  U
0 

and e 
0 
- d i f f e r  from those  of Uo and 

80 , then a c i r c u l a r  o r b i t  of  a given r a d i u s  cannot be  achieved by t a n g e n t i a l  
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t h r u s t .  I t  i s  o f  i n t e r e s t  a t  t h i s  p o i n t  t o  cons ider  a s p e c i f i c  example of t h e- -
effect of e r r o r s  i n  t h e  va lues  of  U 0 and 8 0 on a f i n i t e  o r b i t ,  which w e  may 

assume t o  be an e l l i p s e  where t h e  d i s t a n c e  t o  t h e  p e r i c e n t e r  i s  equal t o  t h e  
r a d i u s  of a given c i rcu lar  o r b i t .  

Let us cons ider  t h e  problem o f  d e c e l e r a t i o n  o f  t h e  s p a c e c r a f t  with t h e  
sphere of  i n f luence  o f  t h e  e a r t h  ( t h e  product  o f  t h e  g r a v i t a t i o n a l  cons tan t  and 

t h e  mass of  t h e  e a r t h  p = 398,600 km 3/sec2  and t h e  r a d i u s  o f  t h e  sphere o f
* 

in f luence  p = 930,000 km). The r a d i u s  o f  t h e  c i r c u l a r  o r b i t  i n t o  which t h e  
spacec ra f t  must be p laced  i s  assumed t o  be  r = 18,920 km. We w i l l  assume t h a t  

k 2r e a c t i v e  a c c e l e r a t i o n  i s  cons t an t ,  equal  t o  3.52 mm/sec . 
- -

For  t h e  problem under cons ide ra t ion ,  t h e  va lues  o f  Uo and e o  a r e  equal ,  

r e spec t ive ly ,  t o  2.473 km/sec and 4.383 r a d .  

2.44 2.46 2 4 8  U,,km/sec 252 8.. deg 

Figure 3 Figure 4 

Figures  3 and 4 i l l u s t r a t e  t h e  r e s u l t s  of t h e  e f f e c t  of t h e  va lues  of  U 
and 8 on t h e  accuracy of  execut ion of  t h e  maneuver. The f i r s t  f i g u r e  i l l u s -0 

t r a t e s0 t h e  dependence of  e c c e n t r i c i t y  of a f i n i t e  o r b i t  on lJ 0 f o r  e o  = e , ,  and 

t h e  second i l l u s t r a t e s  t h e  dependence of e c c e n t r i c i t y  of  a f i n i t e  o r b i t  on e 0 
when IJo = G o .  I t  i s  c l e a r  from t h e  f i g u r e s  t h a t  t h e  e r r o r  i n  60 a t  30 m/sec 

of t h e  e r r o r  8 0 pe r  degree r e s u l t s  i n  an e c c e n t r i c i t y  va lue  of 0 .2 .  I t  i s  

obvious t h a t  t o  ob ta in  an o r b i t  c l o s e  t o  t h e  given o r b i t  i s  p r a c t i c a l l y  imposs
i b l e  s i n c e  a very  high p r e c i s i o n  i s  requi red  f o r  p l ac ing  t h e  spacec ra f t  i n t o  
t h e  sphere o f  i n f luence  of t h e  e a r t h .  However, i f  a f t e r  d e c e l e r a t i o n  by tang-

/21 
e n t i a l  t h r u s t  a method o f  con t ro l  i s  used which i n s u r e s  a r educ t ion  i n  eccen
t r i c i t y  a t  a cons tan t  d i s t a n c e  t o  t h e  apocenter ,  then t h e  given c i r c u l a r  o r b i t  
can be acheived. I f ,  on t h e  o t h e r  hand, t h e  o s c u l a t i n g  d i s t a n c e  t o  t h e  2po
c e n t e r  corresponding t o  t h e  i n i t i a l  condi t ions  i s  l e s s  than  t h e  r ad ius  of t h e  
given c i r c u l a r  o r b i t ,  then  t h e  proposed con t ro l  method i s  inapp l i cab le .  In 
t h i s  case  t h e  oscu la t ing  d i s t a n c e  t o  t h e  p e r i c e n t e r  can f irst  be increased  by 
using t h e  con t ro l  method which i n s u r e s  t h e  maximum rate  of  i n c r e a s e  o f  t h e  
oscu la t ing  
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d i s t a n c e ,  and then  by rounding off t h e  o r b i t  t o  a cons t an t  d i s t a n c e  t o  t h e  
p e r i c e n t e r .  

Thus, t h e  fo l lowing  methods of con t ro l  a r e  proposed: 
1. The i n i t i a l  d i s t a n c e  t o  t h e  p e r i c e n t e r  

i s  g r e a t e r  than  t h e  rad iusof  t h e  given c i r c u l a r  
o r b i t .  The f i r s t  s t a g e  i s  d e c e l e r a t i o n  by t an 
g e n t i a l  t h r u s t  t o  such moment of t ime a s  t h e  
o s c u l a t i n g  d i s t a n c e  t o  t h e  p e r i c e n t e r  becomes 
equal  t o  t h e  r a d i u s  of t h e  anu la r  o r b i t .  The 
second s t a g e  i s  t h e  r educ t ion  of  e c c e n t r i c i t y  
t o  a cons tan t  d i s t a n c e  t o  t h e  p e r i c e n t e r .  

2 .  The i n i t i a l  d i s t a n c e  t o  t h e  p e r i c e n t e r  i s  
l e s s  than  t h e  r a d i u s  o f  t h e  g iven  c i r c u l a r  o r 
b i t .  The f irst  s t a g e  i s  an inc rease  i n  t h e  
d i s t a n c e  t o  t h e  p e r i c e n t e r  a t  a maximum r a t e  t o  
such moment of time a s  t h i s  d i s t a n c e  becomes 
equal t o  t h e  r a d i u s  of  t h e  c i r c u l a r  o r b i t .  The 
second s t a g e  i s  t h e  same a s  t h e  f i r s t  case .  

Dece lera t ion  t r a j e c t o r i e s  were ca l cu la t ed  / 2 2-
by computer i n  accordance with t h e  system ou t 
l i n e d  above f o r  t h e  range of va lues  of U 

0 
and 

e o  corresponding t o  t h e  t r a j e c t o r i e s  which do 

not  extend beyond t h e  sphere  of i n f luence  of 
t h e  e a r t h .  F igure  5 i l l u s t r a t e s  t h e  r a t i o  of 
maneuver t ime t o  t h e  minimal t ime,  correspond
ing t o  t h e  i n i t i a l  va lues  U0  = Ug, e(-) = 0 0 ,  
a s  a func t ion  of t h e  i n i t i a l  cond i t ions .  The 
hash-marked a r e a  corresponds t o  t h e  i n i t i a l  
va lues  a t  which t h e  d i s t a n c e  t o  t h e  p e r i c e n t e r  

t h e  given c i r c u l a r  o r b i t .  The va lues  of t h e  dimen-

O j  0.2 0,3 0-4 0.5 0.6 0,7' 0.8 

F i g u r e  5 

i s  less than t h e  r a d i u s  of 
s i o n l e s s  i n i t i a l  v e l o c i t y  

a r e  arranged along t h e  a b s c i s s a .  

19  
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0 s-cul a n t s  Tab le  1
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O < b < n  

dP 
- - 0  
d t  

cos9 > 0 

.-
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n< Sc 2n - B, 

. .. 

cos& > - c 
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CHAPTER 2 


ANALYSIS OF CERTAIN PROBLEMS N SPACECRAFT DYNAMICS BY THE ME HOD OF AVERAGES 

V.  N. Lebedev 

ABSTRACT. The method of averaqes is used in Chapter 2 for 

analyzing the motion of a spacecraft with transversal thrust 

and for analyzing transition between circular non-coplanar

orbits executed in two stages. It is assumed in these an

alyses that the engine of the spacecraft develops constant 

thrust at a constant rate of fuel consumption. From the 

standpoint of fuel consumption, the simultaneous variations 

of the radius of the orbit and reduction of the angle be

tween the planes of the original, and given orbits is con

sidered to be more advantageous. The equations for the 

execution of these maneuvers are derived and analyzed. 


In this chapter we will examine two problems using the method of averages /23 

_I

[ 6 ] .  The first problem (51-3) is the analysis of the motion of a spacecraft 
with thrust in the transversal direction. The analysis of this motion is of 

particular interest because transversal thrust is one of the simplest controls 

by which it is possible to accelerate the spacecraft to parabolic velocity 

[7-lo]. The second problem (54-8) is motion between circular noncoplanar o r 
bits. This maneuver can be executed in two steps: transit between circular 

coplanar orbits and rotation of the plane of a circular orbit. However, the 

most convenient method-from the standpoint of fuel consumption is the simultan

eous variation of the radius of the orbit and reduction of the angle between 

the planes of the initial and given orbits. 


In the analysis of both problems, we will assume that the spacecraft is 

equipped with an engine which produces constant thrust at a constant fuel con

sumption rate. 


51. Equations of P ane Motion. Parameters of a Constant-Thrust Engine. 


Suppose that a spacecraft is accelerated wjthin the gravitational field of 
a spherical planet; we may disregard perturbations from other planets and the 
Sun, and also atmos )heric drag. Given these assumptions, the motion of the 
spacecraft in polar coordinates is described by the following equation system: 

23 



( 2 . 3 ) / 2 4

where r and 4 a r e  p o l a r  coord ina te s  (see Figure 1 ) ;  u and v a r e  t h e  r a d i a l  an& 
t r a n s v e r s a l  v e l o c i t y  components; t i s  time; a i s  r e a c t i v e  a c c e l e r a t i o n  ( r a t i o  
o f  t h r u s t  t o  mass of  t h e  s p a c e c r a f t ) ;  X i s  t h e  angle  between t h e  v e c t o r  r a d i u s  
of  t h e  s p a c e c r a f t  and t h e  t h r u s t  v e c t o r .  Here a l l  va lues  a r e  dimensionless .  
I n  c o n t r a s t  t o  t h e  f i r s t  chap te r ,  t h e  dimensional va lues  w i l l  be denoted b.y an 
as te r i sk  (*) where they  occur .  Dimensionless v a r i a b l e s  a r e  r e l a t e d  t o  t h e  cor
responding dimensional v a r i a b l e s  by t h e  fol lowing r e l a t i o n s :  

where r* i s  some c h a r a c t e r i s t i c  d i s t a n c e  ( i n  t h e  case of  a c c e l e r a t i o n  of  t h e
0 

s p a c e c r a f t  from a c i r c u l a r  o r b i t ,  r *  i s  t h e  r a d i u s  o f  t h i s  o r b i t ) ;  1-1 = yM i s0 
t h e  product of  t h e  g r a v i t a t i o n a l  constant  and t h e  mass o f  t h e  a t t r a c t i n g  c e n t e r .  

Let t h e  t h r u s t  F* of  t h e  engine and t h e  mass consumption q* o f  t h e  working 
ma t t e r  p e r  u n i t  time be cons t an t .  Then r e a c t i v e  a c c e l e r a t i o n  a* i s  a func t ion  
of t ime.  This func t ion  i s  r e a d i l y  expressed i n  t h e  fol lowing manner: 

The r a t i o  of t h r u s t  t o  t h e  i n i t i a l  mass m*0 o f  t h e  s p a c e c r a f t  i s  t h e  i n i t i a l  r e 

a c t i v e  a c c e l e r a t i o n  a* If w e  assume t h a t  F* = q*V*,  where V* i s  t h e  flow r a t e0 '  
of  t h e  r e a c t i v e  j e t ,  then w e  o b t a i n  a c c e l e r a t i o n  a* as a func t ion  o f  t ime and 
and o f  two parameters a* and V*:0 
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o r  in dimensionless variables: 

We assume further that the engine operates without interruption and / 2 5
therefore the same time t which is used i n  equation system (2.1)-(2.4) will’ 
a l s o  be used in the formula thus derived. 

Equation system (2.1) - (2.4) with consideration of (2.5) acquires the form: 

d r-- II u; 
d t  

Q,E. ( 2 . 7 )
d t  ’ 

With transversal thrust in the direction of motion, sin A = 1, cosine 
= 0 .  

52. Application o f  Method of  Averages. 

We can analyze at least the initial stage of acceleration of a spacecraft
with a low-thrust engine by the method of averages [ll-121. The method of 
averages is used in [13] for analyzing motion with constant transversal react
ive acceleration. The case of tangential thrust is examined in [14-151. 

Let us consider the motion of a spacecraft under the effect o f  a constant 
transversal thrust. By substituting the values sin X = 1 and COSlne X = 0 in 
equation system (2.6)-(2.9) , we obtain 

25 
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(2 .10)  

(2 .11 )  

( 2 . 1 2 ) / 2 6

(2 .13)  

We w i l l  use p o l a r  angle  4 a s  an independent v a r i a b l e .  Then equat ions 
( 2 . 1 0 ) - ( 2 . 1 3 )  a r e  reduced t o  t h e  form 

(2 .14)  

(2 .15)  

(2 .16)  

(2 .17 )  

Consider t h e  gene ra l  case o f  a launch from an e l l i p t i c a l  o r b i t .  We will 
convert  t o  a new v a r i a b l e .  In s t ead  of r ,  u,  v ,  and t we w i l l  i n t roduce  A ,  t h e  
r a t i o  o f  t h e  l a r g e  semiaxis o f  t h e  o s c u l a t i n g  e l l i p s e  t o  i t s  i n i t i a l  va lue ,  

(2.18) 

(2 .19 )  

i s  t h e  r a t i o  o f  t h e  Laplace v e c t o r  component i n  t h e  r e c t a n g u l a r  coordinate  
system xOy (see Figure 1) t o  t h e  g r a v i t a t i o n a l  parameter p ( i n  ( 2 . 1 8 ) ,  (2 .19)  
e i s  e c c e n t r i c i t y ;  $ i s  t h e  angular  d i s t a n c e  o f  t h e  p e r i c e n t e r ) ;  T i s  t h e  n 
c h a r a c t e r i s t i c  v e l o c i t y .  Among t h e  v a r i a b l e s  A,  flJ f 2 ,  T and r ,  u,  v ,  and t 

t h e r e  a r e  t h e  fol lowing r e l a t i o n s :  
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( 2 . 2 0 )  

(2 .21 )  

( 2 . 2 2 )  

( 2 . 2 3 )  

When r e a c t i v e  a c c e l e r a t i o n  i s  cons t an t  

a - a O t .  ( 2 . 2 4 )  

Now we w i l l  f i n d  t h e  i n v e r s e  r e l a t i o n s ,  i . e .  r, u,  v,  t a s  func t ions  of A ,  
f L  

f 2 ,  and T .  B y  us ing (2.18) ,  ( 2 . 1 9 ) ,  (2.23) and t h e  fol lowing r e l a t i o n s :  

we f i n d  

(2.25) 

Assuming t h a t  a. << 1 and V >> 1, w e  w i l l  t ransform t h e  system of equat ions des

c r i b i n g  t h e  motion o f  t h e  s p a c e c r a f t  under t h e  in f luence  o f  a cons t an t  t r a n s 
v e r s a l  t h r u s t  t o  t h e  s t anda rd  form o f  systems with a r a p i d l y  r o t a t i n g  phase.  
F o r  t h i s  purpose we w i l l  d i f f e r e n t i a t e  expressions (2.20)-(2.23)  with r e s p e c t  
t o  $, whereupon t h e  d e r i v a t i v e s  d r /d@,  du/d$, and d t /d$  a r e  taken from 
(2.14)-(2.17) , where we w i l l  s u b s t i t u t e  t h e  expressions from (2.25) i n  t h e  
r i g h t  hand s i d e s  i n  p l a c e  o f  r ,  v ,  and t .  Thus, we have 
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I I I. I 1 1 1 1 1 . 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 .  I I 

( 2 . 2 6 )  

( 2 . 2 7 )  

( 2 . 2 8 )  

( 2 . 2 9 )  

After the integration of this system, we can find time t from relation ( 2 . 2 3 ) :  / 2 8  

( 2 . 3 0 )  

At a constant reactive acceleration 


t =-r/ G o - ( 2 . 3 1 )  

Assuming that eccentricity of the initial orbit is less than unity, we 
will take the average of ( 2 . 2 6 ) - ( 2 . 2 9 ) :  

( 2 . 3 2 )  

( 2 . 3 3 )  

2 8  



(2 * 34) 

(2.35) 


For elliptical motion 

2fp + f ,  1.  (2.36) 

We will now integrate in (2.32)- (2.35) with consideration of an equality (2.36) 


We introduce the definitions 


The integral J1 is tabular, its value being 
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II I I I  111 I1 I I I I, 1111 

In computing this and the following integrals, we will assume, using the con
dition a0 << 1 and the form of equations (2.33), (2.34) that f1 and f2 have 
constant values. This will enable us to regard the integrals Ji(i = 1,2,3,4) 
as functions of the parameters fl and f2. 


2The condition fl + f2 < 1 is simultaneously the condition of differenta

tion under the integral sign: 

Then J4 can be written as 


By using the value of ;J1 thus computed, we will have 

For the computation of J2 we will find the expressions for aJ4/af1 and aJ4/af2: 
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Then J can be written as2 

Here the relation 


2% f , d Y  2n f Id'p 
oI ( l + f ,  cosy+f2  s iny)  3 - I  (l+flcoBcp +f, s i n v )  2o 


was used. Finally, by using the values of J1 and J4 which we have found, we 
can write 

Similarly, we compute J3 :  

By substituting in ( 2 . 3 2 ) - ( 2 . 3 5 )  the values of  the integrals, we obtain the 
following system of equations : 

( 2 . 3 7 )  
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( 2 . 3 8 )  

(2 * 39) 

(2.40) 

A t  t h e  i n i t i a l  moment o f  time 	 /31 

Equation system (2.37)-(2.40) enables  us t o  make c e r t a i n  conclusions con
cerning t h e  c h a r a c t e r  of  motion. 

From (2.37) i t  fo l lows  t h a t  (dA/d$) > 0,  i . e .  t h e  l a r g e  semiaxis i n c r e a s e s .  

By d iv id ing  (2.38) and (2.39) by (2.37) we o b t a i n  

By i n t e g r a t i n g  t h e s e  equat ions  we have 

(2.42) 

f, I f,, A''. (2.43) 

Then, by s u b s t i t u t i n g  (2.42) and (2.43) i n t o  (2.25) w e  f i n d  

c - e , A  - %  . (2.44) 

From t h i s  r e l a t i o n  i t  fo l lows  t h a t  e c c e n t r i c i t y  diminishes  as t h e  l a rge  semi-
a x i s  i n c r e a s e s .  
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F i n a l l y ,  from (2.42) and (2.43) w e  have 

and consequently t h e  p o s i t i o n  o f  t h e  aps ida l  l i n e  does no t  vary  on t h e  average.  

The analogous c h a r a c t e r i s t i c s  of  motion f o r  t h e  case  o f  t a n g e n t i a l  t h r u s t  
were der ived  i n  [14 and 151. 

Let us cons ider  i n  g r e a t e r  d e t a i l  t h e  case  of  t ake -o f f  from c i r c u l a r  o r -
- = caseb i t :  f10 - f20 0. From (2.42) and (2.43) it fol lows t h a t  i n  t h i s  

f l  = f 2 =  - 0 ,  and motion i s  descr ibed  by 

(A E r when e = 0 ) .  

By d iv id ing  (2.45) by (2.46) we ob ta in  

dr 1 2 r  x ,
dT 

t h e  s o l u t i o n  of which i s  

r - ( I  - T ) - ~ .  

By s u b s t i t u t i n g  (2.23) i n t o  (2.48) we f i n d  r as h func t ion  o f  t :  

When r e a c t i v e  a c c e l e r a t i o n  i s  cons tan t  

r - (1-aot)-2. 

(2.45) 

(2.46) 

(2.47) 

/32 

(2.48) 

(2.49) 

(2. S O )  
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I t  fol lows from ‘[16] t h a t  formulas (2.49) and (2.50)  are v a l i d  f o r  t h e  
case of  t a n g e n t i a l  t h r u s t  as wel l .  

As i t  was s t a t e d  a t  t h e  beginning- of  t h i s  s e c t i o n ,  t h e  method of  averages-
y i e l d s  s a t i s f a c t o r y  r e s u l t s  f o r  t h e  
i n i t i a l  s t a g e  o f  a c c e l e r a t i o n  o f  a 
s p a c e c r a f t .  Therefore  formulas (2.49),  
(2.50) do no t  guarantee s a t i s f a c t o r y  
p r e c i s i o n  i n  t h e  f i n a l  s t a g e  of  t h e  
maneuver. As an i l l u s t r a t i o n  of  t h i s  / 3 3-
f a c t ,  l e t  us  examine Figure 6 ,  where 
t h e  p r e c i s i o n  of  t h e  func t ion  r ( t )  ob
t a i n e d  on a computer f o r  cases  of  
t a n g e n t i a l  t h r u s t  (curve 1) and t r a n s 
v e r s a l  t h r u s t  (curve 2 ) ,  and t h e  ap
proximate func t ion  (2.49) (curve 3) f o r  

a .
U 

= V = 1 (time required f o r  

achieving p a r a b o l i c  v e l o c i t y  i s  565), 
a r e  shown. I t  i s  c l e a r  t h a t  upon ap
proach toward t h e  p o i n t  of  achieving 
p a r a b o l i c  v e l o c i t y ,  r e l a t i o n  (2.49) 
y i e l d s  a very l a r g e  e r r o r .  

The eonclusion was made i n  [14] 
t h a t  t a n g e n t i a l  t h r u s t  can be used f o r  
movement between c i r c u l a r  coplanar o r 
b i t s .  The same may be s a i d  of t r a n s 

0 100 200 SO0 400 500 t v e r s a l  t h r u s t .  The f a c t  i s  t h a t  i f  t h e  
parameters of  t h e  s p a c e c r a f t  and of  t h e  

Figure 6 o r b i t s  between which t h e  movement oc
curs a r e  such t h a t  t h e  condi t ions of  

a p p l i c a b i l i t y  of t h e  method o f  averages a r e  s a t i s f i e d :  then upon t ake -o f f  
from a c i r c u l a r  o r b i t ,  e c c e n t r i c i t y  of a f i n i t e  o r b i t  w i l l  be of  t he  o rde r  of  
magnitude o f  a small  parameter .  If  t h e  i n i t i a l .  o r b i t  i s  e l l i p t i c a l  ( f o r  ex
ample due t o  e r r o r s  i n  t h e  i n s e r t i o n  of t h e  s p a c e c r a f t  i n t o  t h e  o r b i t ) ,  then 
e c c e n t r i c i t y  w i l l  b e  even l e s s  f o r  t h e  case of  t r a n s i t i o n  t o  an o r b i t  of  l a r g 
e r  r ad ius  than t h e  e c c e n t r i c i t y  of t h e  i n i t i a l  o r b i t ,  as fol lows from (2.44) .  

53. . Approximation Formulas f o r  Determination o f  Accelerat ion Time. 

The a c c e l e r a t i o n  t r a j e c t o r y  of a s p a c e c r a f t  under a cons t an t  t a n g e n t i a l  o r  
t r a n s v e r s a l  t h r u s t  can be  c a l c u l a t e d  p r e c i s e l y  only with a computer. A s  was 
expected, t h e s e  c a l c u l a t i o n s  showed t h a t  t h e  r e s u l t s  obtained d i d  not d i f f e r ,  
from t h e  q u a l i t a t i v e  p o i n t  of  view, from the tho rough ly  i n v e s t i g a t e d  case of  
constant  r e a c t i v e  a c c e l e r a t i o n .  

With modern computers, it i s  p o s s i b l e  t o  c a l c u l a t e  t h e  a c c e l e r a t i o n  t r a 
j e c t o r y  of  a s p a c e c r a f t  with any given cons ide ra t ions  o f  a0 and V a t  t h e  ex

pense of q u i t e  reasonable  computer times. However, t o  determine t h e  optimal 
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relations between the weight components of the engine, including the values of 
a0 and V, it is necessary to know the dependence of the time of the maneuver 
on a0 and V within a large range of values. A few dozen to severa.1hundred 
hours of computer time can be devoted to the determination of this function. 

It therefore becomes necessary to find some simple formulas which will make it 

possible to determine approximately the time required for the execution of the 

maneuver. 


The approximation formula /34 

(2.51) 


was derived in [9] for the case of acceleration with a low constant tangential 
reactive acceleration. In this formula tk is the acceleration time to para
bolic velocity. An analogous formula was found in [7] :  

whence for a << 10 

(2.52) 


These formulas differ only by the value of one coefficient: in the first case 

this coefficient is equal to 1.091 and in the second case it is 1.414. The 

time tk computed by these formulas differs considerably from the true time, as 


illustrated in Figure 7, where the precise dependence of the characteristic 
velocity of the maneuver Tk = aOtk on acceleration (curve 1) and the functions 
corresponding to formulas (2.51) and (2.52) (curves 2 and 3 ,  respectively), are 
shown. It was found that if the value of  the coefficient in formula (2.51) is 
assumed t o  be 0.8082, then it becomes extremely accurate within a large range 
of values of a0 (curve 4 in Figure 7). 

Now we will derive the relation corresponding to formulas (2.51) and 

(2.52) for the case of constant thrust. 
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Figure 7 F i g u r e  8 

I t  fol lows from equat ion  (2.6)  and (2.8) t h a t  a t  t h e  moment when p a r a b o l i c  

veiocity i s  a t t a i n e d ,  i : e ,  when r ( u  2 + v 2 ) = 2 ,  t h e  d i f f e r e n t i a l  r e l a t i o n  

(2.53) 

i s  s a t i s f i e d  f o r  t h e  case  of t r a n s v e r s a l  t h r u s t  and 

(2.54) 

i s  s a t i s f i e d  f o r  t h e  case  o f  t a n g e n t i a l  t h r u s t .  

Let us assume t h a t  r e l a t i o n  (2.49) i s  v a l i d  f o r  t h e  e n t i r e  t r a j e c t o r y  of /35 
acce le ra t ion ,  i nc lud ing  wi th in  t h e  v i c i n i t y  o f  t h e  p o i n t  a t  which p a r a b o l i c  
v e l o c i t y  i s  a t t a i n e d .  Then, by s u b s t i t u t i n g  r from (2 .49) ,  and a l s o  d r / d t  and 

d2r / d t  2 ob ta ined  from (2.49) by d i f f e r e n t i a t i o n ,  i n t o  (2.53) and (2 .54) ,  we 
w i l l  have t h e  equat ion  r e l a t i v e  t o  t h e  d e s i r e d  tk: 
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where C 2 = -2 ;  C1 = . - lo  f o r  t h e  case o f  t r a n s v e r s a l  t h r u s t  and C 1 = -10 + 16 
f o r  t h e  case  o f  t a n g e n t i a l  t h r u s t .  

The va lues  o f  t h e  c o e f f i c i e n t s  C1 and C 2  corresponding t o  t h e  minimal 

e r r o r  i n  t h e  va lue  o f  tk determined from equat ion (2.55) were found by numer

ical  i n t e g r a t i o n  of equat ion  system (2 .6) - (2 .9)  f o r  V -> 1 and a. 2 f o r  

t a n g e n t i a l  t h r u s t  C1 = -0.1820, and C 2  = 0.22; f o r  t r a n s v e r s a l  t h r u s t  C1 = 

= -0.1062 and C 2  = 0.12. 

F igure  8 shows t h e  r e l a t i v e  e r r o r  6 i n  t h e  va lue  o f  a c c e l e r a t i o n  t ime 	 /36-
tk  

determined by cquat ion  (2.55) wi th  t h e  c o e f f i c i e n t s  found f o r  V > 1 ( t h e  va lue  
of  V has l i t t l e  e f f e c t  on t h e  e r r o r ) ,  A s  seen i n  t h e  f i g u r e ,  t h e  e r r o r  dimin

i s h e s  a s  t h e  i n i t i a l  a c c e l e r a t i o n  is reduced. When a 0 < 3.10 -2 , t h e  e r r o r  does 

no t  exceed 1%,and it  becomes l e s s  than  0.1% when a 0 < 3.10-3. 

Equation (2.55) was so lved  on t h e  computer by d iv id ing  i n t o  ha lves  t h e  
i n t e r v a l  [0, V/ao] i n  which t h e  l e f t  h a l f  of  t h e  equat ion ,  regarded a s  a fun

c t i o n  of  tk i s  monotonic and changes s i g n s  i f  a 0 -< 1 and V -> I 

An approximate s o l u t i o n  f o r  equat ion  (2.55) can be  obta ined  f o r  t h e  case  
V >> 1, which corresponds t o  a small  v a r i a t i o n  i n  t h e  mass of t h e  spacec ra f t  
dur ing  t h e  time of  a c c e l e r a t i o n .  By f ind ing  t h e  s o l u t i o n  i n  t h e  form 

Taking t h e  l i n e a r  term, we then  o b t a i n  

where 
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When the values of a. are small, the first term in the brackets is much 

smaller than the second, and therefore, the formula obtained can be simplified: 

(2.56) 

where, as before, C1 = -0.1820 for tangential thrust and C 1 = -0 .1062 for 
transversal thrust. Formula (2 .56 ) ,  not withstanding simplicity, is quite 

accurate; thus, when a0 < 10-2 and V > 4, the error in determining the accel
eration time does not exceed 1%. 

And so, for determining the acceleration time of a spacecraft to para

bolic velocity under the effect of constant thrust, the following relations 

have been obtained. 


1. Tangential thrust: / 3 7  

(2.57) 


(2.58) 


at constant reactive acceleration 


1- 0,8082 (2 .59)t k  * 
G O  

(this formula can be derived on the.basis of the results in [15 ] ) .  

2. Transversal thrust: 
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(2.61) 


f o r  constant reactive acceleration 

(2.62) 


54.  	 Equations of Three-Dimensional Motion. Possible Means o f  Control for 
Motion Between Circular Non-Coplanar Orbits. 

An equation system �or three-dimensional motion by which it is possible to 
regard the motion of  a spacecraft as a result o f  combination of two motions is /38
used in [12]. The two motions of a spacecraft are those in some plane and 
those of the given plane around the attracting center, where the first motion 
is not a function of the second. This equation system in dimensionless var
iables has the following form: 

(2.63) 


(2.64) 


(2.65)
... 

(2.66) 


(2.67) 


(2.68) 
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The t i m e  t i s  r e l a t e d  t o  ang le  4 by t h e  equat ion 

. (2.69) 

In  equat ions (2.63)-(2.69)  A i s  t h e  l a r g e  semiaxis ;  f 1 and f 2  are t h e  Laplace 
v e c t o r  components along t h e  a x i s ,  Ox and Oy (Figure 9 ) ;  i i s  t h e  i n c l i n a t i o n  o f  
t h e  o r b i t ;  R i s  t h e  long i tude  o f  t h e  ascending node; ar, a+ ,  a Z are t h e  pro

j e c t i o n s  of  r e a c t i v e  a c c e l e r a t i o n  i n  t h e  d i r e c t i o n  o f  t h e  vec to r  r a d i u s ,  pe r 
pend icu la r  t o  it i n  t h e  o r b i t a l  p l ane ,  and pe rpend icu la r  t o  t h e  o r b i t a l  p l ane ;  
$I i s  t h e  angle  between a x i s  Ox and t h e  v e c t o r  r a d i u s ;  $is t h e  angle  between 
t h e  node l i n e  and a x i s  Ox. The i n i t i a l  va lue  of  t h e  l a r g e  semiaxis was taken 
as t h e  c h a r a c t e r i s t i c  dimension. 

Figure 9 

The s p e c i a l  s e l e c t i o n  o f  t h e  l i n e  f o r  c a l c u l a t i n g  angle  4 causes equat ions 
(2.63)-(2.65)  t o  conform i n  s t r u c t u r e  t o  t h e  equat ions of some p l a n a r  motion i n  
which angle  4 behaves as a p o l a r  angle .  

Let t h e  t h r u s t  of  t h e  engine be constant  and be  d i r e c t e d  i n  such a manner 
t h a t  i t s  r a d i a l  component i s  equal t o  0 .  Then t h e  d i r e c t i o n  o f  t h e  t h r u s t  vec
t o r  can be  assigned one va lue ,  i . e .  t h e  angle  v between t h e  l i n e  pe rpend icu la r  
t o  t h e  v e c t o r  r a d i u s  i n  t h e  o r b i t a l  p l ane  and t h e  t h r u s t  v e c t o r  (see Figure 9 ) .  
If r e l a t i o n s  (2.5) and (2.30) are used, then t h e  components of  r e a c t i v e  acce l 
e r a t i o n  can be w r i t t e n  i n  t h e  form 

-1 3 9  
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a, = 0; 

a. c o s v  
acp=acosv = = a o c o s v e n p - r 

1-3t V' 

7
a , = a s i n v =  a O s i n v  ='Qo sin Y exp -,
V 

I f  w e  now s u b s t i t u t e  t h e  va lues  f o r  ar, a+, and a 
Z t hus  ob ta ined ,  i n t o  e q u a t i o n w  

system (2.63)-(2,68) , then when v = const ,  equat ions (2.63)-(2.65) w i l l  conform, 
with an accuracy up t o  a constant  m u l t i p l e  cosv, t o  equat ion (2.26)-(2.28) f o r  
p l a n a r  motion i n v e s t i g a t e d  i n  5 2  of  t h i s  chap te r .  By using t h e  method of aver
ages,  it was shown t h a t  i f  e c c e n t r i c i t y  of  t h e  i n i t i a l  o r b i t  i s  equal t o  zero,  
then t h e  o r b i t  w i l l  become c l o s e  t o  c i r c u l a r  a f t e r  a c e r t a i n  length of  t ime, 
and v a r i a t i o n s  i n  i t s  average r a d i u s  can be descr ibed approximately by t h e  
simple r e l a t i o n s  (2.45)-(2.46) .  

As i s  well-known ( t h i s  was noted i n  52 of t h e  f i rs t  c h a p t e r ) ,  i t  i.s poss
i b l e  t o  change t h e  i n c l i n a t i o n  i of t h e  o r h i t  liy us ing  t h e  component o f  r r a c t 
i v e  a c c e l e r a t i o n  a which i s  normal t o  t h e  instantaneous plane of t h e  o r h i t .  
I f  a t  t h e  p o i n t s  + + $ = u ? 71 2 (u i s  t h e  l a t i t i l d e  argument) , t h e  d i r 
e c t i o n  of  t h r u s t  i s  changed t o  symmetrical r e l a t i v e  t o  t h e  o r b i t a l  p l ane ,  t hen ,  
a s  fol lows from equat ion (2.66) ,  t h e  i n c l i n a t i o n  of t h e  o r h i t  w i l l  vary mono
t o n i c a l l y .  In  t h i s  case t h e  component of  r e a c t i v e  a c c e l e r a t i o n  a+ w i l l  not 
vary.  

Thus , by using equat ions 

Lar -0 ;  

T (2.70) 
a v - aomsvexp- ;V 

I

.1 (2.71)
U ,  =a,sinlvIexp-signcos(cp+y),V 


I V I  - mnst ( - -n<v_<n)  
(2.72) 

it i s  p o s s i b l e  t o  b r i n g  about t r a n s i t i o n  from a c i r c u l a r  o r b i t  t o  an o r b i t  
c l o s e  t o  another  given c i r c u l a r  o r b i t .  The e r r o r  i n  t h e  va lues  of. t h e  param? 
e t e r s  o f  t h e  f i n a l  o r b i t  caused by t h e  a p p l i c a t i o n  of  t h e  averaged equat ions 
w i l l  be less as t h e  t h r u s t  of t h e  engine decreases  and as t h e  f i n a l  o r b i t  con
verges more c l o s e l y  upon t h e  i n i t i a l  o r b i t .  

Control methods (2.70)-(2.72) i n s u r e  monotonic i n c r e a s e  i n  t h e  i n c l i n a 
t i o n  of t h e  o r b i t .  If t h e  execut ion of  a maneuver r e q u i r e s  a r educ t ion  i n  i n 
c l i n a t i o n ,  then t h e  s i g n  of a

Z 
should be changed t o  t h e  oppos i t e  s ign :  
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2= 

_.. , , . .... . -

a, = -aosiia[ v/exp-signcos(cp+y).T 
V 


From hereon we w i l l  assume t h a t  t r a n s i t i o n  occurs  as t h e  i n c l i n a t i o n  i s  i n 
creased.  

55. Averaging of  Equations o f  Three-Dimensional Motion. 

By s u b s t i t u t i n g  t h e  va lues  of t h e  components o f  r e a c t i v e  a c c e l e r a t i o n  
(2.70)-(2.72) i n t o  equat ions  (2.63)-(2.68) ,  and r e p l a c i n g  (2.69) with equat ion 
(2 * 29), we f i n d  

(2.73) 

(2.74) 

d f  [ ~ o c o s v - A 2 ( l - f : - f ~ ) 2 ( 2 s i n ' p + f  s in  2 y + 
du 2 

(2.75) 

(2.77) 

( 2 . 7 9 )  

The averaged equat ions  (2.73)-(2.75) ,  (2 .79) ,  as shown i n  5 2  of t h i s  chap
t e r ,  have t h e  form 
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(2.80) 

(2.81) 

(2.82)/42

(2.83) 

When t h e  va lues  o f  angle i are small, t h e  f i r s t  ha lves  o f  equat ions (2.77) 
and (2.78) can be as l a r g e  as d e s i r e d .  Therefore,  by averaging t h e s e  equat ions 
w e  w i l l  assume, as suggested i n  [12] ,  t h a t  angle  i is  c l o s e  t o  t h e  va lue  n / 2  
( t h i s  can always be  done by t h e  appropr i a t e  choice o f  t h e  r e f e r e n c e  plane,  t h e  
normal t o  which determines angle  i ) .  

By averaging equat ions (2.76) - (2.78) , we o b t a i n  

(2.84) 

(2.85) 

(2.86) 

where 

(2.87) 

(2.88) 

We w i l l  now compute i n t e g r a l s  (2.87) and (2.88):  
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Then, by substituting the computed values of the integrals into equation (2.84) 

and (2.86) we obtain 
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(2 .89 )  

/44 


( 2 . 9 0 )  

(2 .91)  
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Here t h e  va lues  of  t h e  angle  Arctan q - f Z 2 / ( f l~ 0 s y - f ~  s i n $ )  should be 

taken wi th in  t h e  range o f  0 t o  *II. 

The equat ions thus  obtained,  along with equat ions (2.80) - (2.83) r e p r e s e n t  
a system of  average equat ions desc r ib ing  t h e  motion o f  a s p a c e c r a f t  under t h e  
e f f e c t  of t h e  methods of  c o n t r o l  desc r ibed  above. 

I f  t h e  i n i t i a l  o r b i t  i s  c i r c u l a r ,  t hen  as was shown in' § >  o f  t h i s  chap te r ,  
f l  = f 2 =  - 0, i . e .  t h e  o r b i t  always remains c i r c u l a r .  I n  t h i s  case equat ions 

(2.89)-(2.91) acqu i r e  t h e  simple form: 

I t  fol lows from t h e  l a s t  two equat ions t h a t  t h e  p o s i t i o n  of  t h e  nodal l i n e  does 
no t  change, and t h e  p o s i t i o n  of  a x i s  Ox r e l a t i v e  t o  t h e  nodal l i n e  i n  t h e  orb- /45 

~

i t a 1  p lane  a l s o  remains c o n s t a n t .  

Thus, i n  t h e  case where e c c e n t r i c i t y  o f  t h e  i n i t i a l  o r b i t  i s  equal t o  zero 
we have 

d7 3 T-pi 2 a. cosv r exp -V i 
(2.92) 

d'P 
(2 I 93) 

(2.94) 

(2.95) 

(2.96) 

(2.97) 

(2.98) 

56. Analysis of Averaged Equations.  

By omi t t i ng  t h e  angle  I$ from equat ions (2.92) ,  (2.95) and (2.98) ,  we ob
t a i n  
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dr

dl: 

d i  
dT 


If v = 0, then 

= 2F f icosv; (2.99) 

= 	2 - f l s i n J v I .  

7L (2.100) 

r = 1/(1-T)2 , iI const 

( t h e  r a d i u s  of t h e  i n i t i a l  o r b i t  i s  equal t o  u n i t y ) ,  i . e .  t h e  p l ane  o f  t h e  o r 
b i t  does not  change and t h e  r a d i u s  of  t h e  o r b i t  i n c r e a s e s .  When v = TI t h e  
r ad ius  diminishes:  

I f  t h e  t h r u s t  of t h e  engine i s  d i r e c t e d  along t h e  normal t o  t h e  instantaneous 
plane of  t h e  o r b i t ,  i . e .  ( V I  = . /2 ,  t hen  t h e  i n c l i n a t i o n  o f  t h e  o r b i t  w i l l  i n 
c r e a s e  but  t h e  r a d i u s  w i l l  remain unchanged: 

2r - 1 ,  i a i+ ;TTo  

I t  fol lows from equat ions ( 2 . 9 9 ) ,  (2.100) t h a t  /46 

By assuming t h a t  i = 0 when r = 1, then  t h e  s o l u t i o n  of thi .s  equat ion w i l l  he 

(2.101) 

Assume t h a t  i t  i s  r e q u i r e d  t o  t r a n s f e r  from an o r b i t  of  u n i t  r a d i u s  t o  an 
o r b i t  of  r ad ius  rk, t h e  p l ane  of  which forms angle ik with t h e  p l ane  of  t h e  

o r g i n a l  o r b i t .  I t  fol lows from r e l a t i o n  (2.101) t h a t  t h i s  maneuver can be 
executed i f  
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- - 

I 1 1 1  I I I 

(2 .102)  

This relation determines the control by which it is possible to execute tran

sition between two circular non-coplanar orbits. 

From the solution of equation system ( 2 . 9 9 ) , ( 2 . 1 0 0 ) :  

we may determine the characteristic velocity of the maneuver 


1- -1 

Tk K k 
c o s  v 

or 


In the partial case where rk = 1, we have l v i  = IT/^ 

(2 .103)  

( 2 . 1 0 4 )  

(2 .105)  

(2 .106)  

(2 .107)  

(2.108) 

S7. 	 Variational Problem o f  Transition Between Circular Non-coplanar Orbits /47
Described by Averaged Equations. 
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In averaging equat ions (2.73) - (2.78),  we assumed t h a t  t h e  modulus of  angle 
v i s  a constant  va lue .  However, t h e  averaged equat ions thus  obtained 

a r e  a l s o  v a l i d  i n  t h e  case  where l v \  i s  a slowly changing func t ion  o f  angle  4 .  
We may a l s o  t r y  t o  f i n d  those  f u n c t i o n s  which enable  us t o  execute  t h e  above-
mentioned maneuver with l e s s  f u e l  consumption than i n  t h e  case \ V I  = cons t .  

We w i l l  now f i n d  t h e  c o n t r o l  system which i n s u r e s  t r a n s i t i o n  from t h e  
po in t  r = 1, i = 0 t o  t h e  p o i n t  r = rk,  i = ik with t h e  minimum c h a r a c t e r i s t i c  

v e l o c i t y  Tk '  

'The determinat ion o f  t h e  optimal con t ro l  i s  reduced t o  t h e  s o l u t i o n  o f  t h e  
boundary problem: 

(2.109) 

(2.110) 

( 2 . 1 1 1 )  

Here p i s  t h e  Lagrange f a c t o r .  

A f t e r  w e  have t h e  s o l u t i o n  f o r  t h e  boundary problem, optimal c o n t r o l  can 
be determined from t h e  r e l a t i o n  

t a n  Iv l  = l / n p r .  
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System of equations(2.109)-(2.111) i s  so lved  a n a l y t i c a l l y .  The s o l u t i o n  of  /48 
t h e  boundary problem has t h e  form 

(2.112) 

(2.113) 

The modulus o f  angle  v a s  a func t ion  of T i s  expressed by t h e  r e l a t i o n  

(2.114) 

The c h a r a c t e r i s t i c  v e l o c i t y  of t h e  maneuver i s  

(2.115) 

I t  follows from express ion  (2.112) t h a t  t h e  dependence of  r on T can be 
non-;monotonic. I n  t h e  case where t h e  r ad ius  of  t h e  f i n a l  o r b i t  i s  g r e a t e r  than 
t h e  r a d i u s  o f  t h e  i n i t i a l  o r b i t ,  t h i s  func t ion  w i l l  be non-monotonic i f  t h e  
parameters of t h e  f i n a l  o r b i t  s a t i s f y  t h e  i n e q u a l i t y  

I n  t h i s  case t h e  r a d i u s  r a t  f i rs t  i n c r e a s e s ,  reaching  a maximum when 
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b u t  then  diminishes  t o  t h e  given va lue  of rk. The maximum value  o f  t h e  r ad ius  /49 

inc reases  as  ik i n c r e a s e s ,  t r end ing  toward i n f i n i t y  when ik+ 2 .  Therefore ,  

if t h e  angle  between t h e  o r b i t s  i s  c lose  t o  2 rad ians  t h e  method of  averages 
w i l l  y i e l d  a l a r g e  e r r o r  and t h e  parameters  of t h e  f i n a l  o r b i t  w i l l  d i f f e r  
g r e a t l y  from t h e  given va lues .  

In  t r a n s i t i o n i n g  t o  an o r b i t  of 
smal le r  r a d i u s ,  t h e  dependence of  r on 

LK T w i l l  be non-monotonic i f  

%P 8 
nik4.6 c o s - - c f l k e2 

f*b 
1.2 

1.9 ‘eo 

In t h e  case  where t h e  r a d i i  of t h e  / S O  
i n i t i a l  and f i n a l  o r b i t s  a r e  i d e n t i c a l ,  -

0.8 t h e  r ad ius  i n c r e a s e s  u n t i l  such time a s  

96 
O h  

T = T k / 2  f o r  a l l  angles  between t h e  

p lanes  of  t h e s e  o r b i t s ,  bu t  then  it 
diminishes  t o  t h e  i n i t i a l  va lue .  Con-

0.2 
0 

4 2 5 i o  20 50 1, 

sequent ly ,  an advantage i s  gained i n  
t h e  va lue  of  l the c . h a r a c t e r i s t i c  veloc-
i t y  i n  comparison wi th  t h e  maneuver i n  
which t h e  p l ane  of  t h e  o r b i t  is  r o t a t e d  
due t o  t h r u s t  normal t o  t h e  in s t an tan -

F i g u r e  10 eous o r b i t a l  p l ane .  For example, when 
ik = ~ / 2 ,t h e  maximum r a d i u s  i s  more 

than  n ine  t imes g r e a t e r  than  t h e  i n i t i a l  r a d i u s .  I n  t h i s  case  t h e  ga in  w i l l  be 
23%. 

Figure 10 i l l u s t r a t e s  t h e  c h a r a c t e r i s t i c  v e l o c i t y  o f  t h e  maneuver and max
i m u m  r a d i u s  a s  func t ions  o f  rk and ik f o r  t h e  case  rk > 1. The a r e a  bounded 
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above by t h e  broken l i n e  corresponds t o  maneuvers with a monotonic i n c r e a s e  
i n  t h e  r a d i u s .  

98. Applicat ion of Results t o  t h e  Problem of T r a n s i t i o n  t o  Synchronous Orb i t  

Let us consider  t r a n s i t i o n  from a c i r cu la r  o r b i t  of r a d i u s  o f  6 ,671  km t o  
spchro l ious  o r b i t  with a r a d i u s  of 42,240 km. We w i l l  assume t h a t  t h e  angle  
between t h e s e  o r h i t s  i s  48". 

The dimensionless c h a r a c t e r i s t i c  v e l o c i t y  of  t h e  maneuver f o r  optimal 
c o n t r o l  (2.114) ( r a t i o  of  c h a r a c t e r i s t i c  v e l o c i t y  t o  s p a c e c r a f t  v e l o c i t y  i n  
i n i t i a l  c i r c u l a r  o r b i t )  i s  0.98. Figure 11 i l l u s t r a t e s  t h e  c o n t r o l l i n g  angle ,  
angle  i and t h e  r a d i u s  r a s  func t ions  of c h a r a c t e r i s t i c  v e l o c i t y  T .  I t  i s  
c l e a r  from t h e  f i g u r e  t h a t  t h e  r a d i u s  becomes maximum a t  t h e  end of  t h e  maneu
v e r ,  somewhat exceeding t h e  r a d i u s  of  t h e  f i n a l  o r b i t .  

Figure 1 2  i l l u s t r a t e s  t h e  dependence o f  t h e  t ime o f  t h e  maneuver deter '-
mined from r e l a t i o n  (2.30) on t h e  i n i t i a l  r e a c t i v e  a c c e l e r a t i o n  when t h e  v e l 
o c i t y  of t h e  r e a c t i v e  exhaust i s  100 km/sec (curve 1) and 20 km/sec (curve 2 ) .  

" 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 T -

Figure 1 1  

The c h a r a c t e r i s t i c  v e l o c i t y  of thd maneuver when t h e  modulus of t h e  con
t r o l l i n g  angle  i s  constant  ( con t ro l  system (2.101)) i s  1.05.  

The determinazion of  t h e  c h a r a c t e r i s t i c  v e l o c i t y  of  t h e  maneuver, which i s  
executed i n  two s t a g e s ,  is o f  p a r t i c u l a r  i n t e r e s t .  The two s t a g e s  a r e  t 2 a n s i 
t i o n a l  between c i r c u l a r  coplanar  , o r h i t s ' w i t h  t r a n s v e r s a l  t h r u s t ,  an6 then r o t a 
t i o n  of  t h e  p l ane  of  t h e  o r b i t  i s  produced. The C h a r a c t e r i s t i c  v e l o c i t y  of such 
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Figure 12 
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a maneuver is 1.13, which is 14% greater than the characteristic velocity of 
optimal transition. 
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2 4  


Figure 14 

To determine t h e  e r r o r s  i n  t h e  parameters 
of a synchronous o r b i t  caused by t h e  a p p l i 
c a t i o n  of averaged equa t ions ,  t h e  exact  equa
t i o n  system (2.73)-(2.79)  with optimum c o n t r o l  
(2.114) was i n t e g r a t e d  by computer. In t eg ra 
t i o n  was terminated f o r  T = Tk ( the  value of  

TI< was determined from r e l a t i o n  (2.115)) .  

Figures 13-15 i l l u s t r a t e  t h e  following va lues  

as func t ions  of a'*0 and V*: e c c e n t r i c i t y  of t h e  

o r b i t  obtained (Figure 13), modulus of  t h e  
angle  between t h e  p l anes  of t h e  obtained and 
given o r b i t s  (Figure 14 ) ,  and r e l a t i v e  e r r o r  
i n  t h e  average r a d i u s  (Figure 1 5 ) .  A s  t h e  

f i g u r e s  show, when a*0 -< 2mm/sec2, then 

V* > 10  km/sec, e c c e n t r i c i t y  of t h e  o r b j t  i s  
l e s y  than 0 .01 ,  t h e  e r r o r  i n  t h e  i n c l i n a t i o n  
o f  t h e  o r b i t  i s  l e s s  than one-half  degree,  
and t h e  r e l a t i v e  e r r o r  i n  t h e  average i s  l e s s  
than one-half p e r  c e n t .  
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CHAPTER 3 

OPT I MAL TRAJECTOR I ES FOR SPACECRAFT 

V. N. Lebedev 

ABSTRACT. The s o l u t i o n s  f o r  severa l  v a r i a t i o n  problems on 
t h e  dynamics o f '  l o w - t h r u s t  spacec ra f t  a r e  g i v e n  i n  t h i s  
Chapter. The t i m e  r e q u i r e d  f o r  execu t ing  t h e  maneuver i s  
m in imized i n  t h e  m a j o r i t y  o f  t h e  problems. Burn t ime  i s  
t h e  m i n i m i z i n g  f u n c t i o n a l  i n  two o f  t h e  problems, where
upon t h e  t r a j e c t o r i e s  determined have pass i ve  segments, i n  
c o n s t r a s t  t o  t r a j e c t o r i e s  which a r e  o p t i m a l  i n  t h e  sense o f  
speed. A l s o  examined i s  t h e  v a r i a t i o n  problem on the  
mot ion  o f  a s p a c e c r a f t  us ing  a s o l a r  s a i l .  A m o d i f i e d  New
t o n  method i s  used f o r  t he  s o l u t i o n  o f  t h e  boundary problem 

In  t h i s  chapter  w e  w i l l  cons ider  t h e  s o l u t i o n  f o r  s e v e r a l  v a r i a t i o n . p r o b - ~ /54 
lzms i n  t h e  dynamics of low- thrus t  s p a c e c r a f t .  I n  most problems t h e  time re
qui red  f o r  the execut ion  of  a maneuver will. be minimized. I n  two p a r t i c u l a r  
problems (53) t h e  burn t ime (t ime of  engine opera t ion)  i s  a minimized func t ion
a l ;  t h e  t r a j e c t o r i e s  thus  obta ined  have p a s s i v e  segments i n  c o n t r a s t  t o  t h e  
t r a j e c t o r i e s  which are  opt imal  i n  t h e  sense of  speed. In  § 9  w e  w i l l  examine a 
v a r i a t i o n  problem on motion by a s o l a r  s a i l .  

The s o l u t i o n  of  v a r i a t i o n  problems by t h e  maximum p r i n c i p l e  o f  I,. S .  Pont
ryagin [15,1,9]was reduced t o  t h e  s o l u t i o n  o f  boundary problems f o r  a system 
of  ord inary  d i  f f e r e n t i a l  equat ions .  'The modified Newton method descr ibed  i n  
5 1  was used f o r  t h e  s o l u t i o n  of  t h e  boundary problems. 

§ I .  	 S o l u t i o n  o f  Two-point  Boundary Problem f o r  a System o f  Ord inary  D i f f e r e n t 
i a l  Equat ions by t h e  Newton Method. 

Let be r e q u i r e d  t h e  s o l u t i o n  o f  t h e  boundary problem 

f o r  t = t0 
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for 2 = tk 

The values of the variables for t = tk can be regarded as functions of un-. -/55 

knowiiinitial values of the variables x 1' x 2 J  " . J m' 

and the solution of boundary problem (3 .1)-(3.3)  reduces to the determination 
of the roots of the equation system 

tw j ('1 ,0, ~ 2 , o  * * 9 x,, 0 ) = 0 ( j  = 1, 2, ...Dm). 

The use of the Newton method [ZO] for solving this system of equations 

leads to the following iteration process: 


A X ( S )  C j  = 1 ,  2 ,  ...,m). (3 .4 ' )is0 

The increments of A.?: C S )  are found by solving the system of linear algebraic
I J O  

equations 


Here the values of the functions of Q and its derivatives are computed at the 


point x (SI 
, 

56 



The nearness o f  the values of x Is)  x ( 5 )
1 , O ’  2,O’ 

..., xes) to the solution will
m , O

be characterized by the value 

( 3 . 6 )  

The convergence of iteration process (3.4’)-(3.5) can be improved by re
ducing the increments o f  Ax0 found in (3.5) if it seems that N 

(’ ‘1 -> N (SI * 

We w i l l  substitute relations ( 3 . 4 ‘ )  by the following 

It is clear that when k = 1 relations (3.7) coincide with (3.4). We will start 
the iteration process, assuming that k = 1. If it seems that 

we will assume that k = 1/2 and will once again compute the values of x ( s  + 1)
9 / 5 6 

( s  +1) (’ 170 
“2 ,o  Y e * . >  xm,O 

+ I ) ,  N(’ + by formxlas (3.5)’ ( 3 . 7 ) .  If  relation (3.8) 
appears once more, we will again reduce the value of k by one-half, etc., until 


we no longer obtain a reduction in the value of N: N(’ + < N(’) for some 
value k = B. To avoid the slowing down of  theconvergencre o f  the pTocess near
er the solution due to a reduction to the value of k, we will try to double k 
at each iteration step. Thus, in the case under consideration the values of 
x x 2,0 ,  ..., xm,O at the s + 2 step will be computed by the formulas 

The boundary problem is considered solved when the value of N becomes less 
than a given number E .  

The derivatives of aY/axo are found by the m- multiple solution of the 
Gouchy ( 3 . 1 )  - ( 3 . 2 ) ,  (3.4’) with consecutive variation of the initial values 
of ( 3 . 4 ) .  

It should be noted that the derivatives of  aY/ax 0 can be computed by single 
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i n t e g r a t i o n  of  m of t h e  system o f  equat ion  i n  v a r i a t i o n s  f o r  system (3.1) [ 2 1 ] .  

The Drocedure for t h e  s o l u t i o n  f o r  t h e  boundary problem using t h e  modified 
Newton method i s  o u t l i n e d  below. 

1. Given: s = 0, k = 1. 

2 .  Given: x 
1 , O ’  

X 
2,O’ 

...) x m, 0 
f irst  approximation) . 

3 .  The Couchyproblem (3.1) , (3 .2  , ( 3 . 4 ’ )  i s  so lved  and t h e  va lues  of  
Y .

J 
are computed. 

4. The va lue  o f  N(’) is computed by formula (3 .6) .  

5. Ncs) and E are compared: 

a) i f  N(’) < E t h e  problem i s  considered solved;  

b) if N(’) -> E w e  move on ta. s t e p  6 .  

6 .  s and 0 are compared: 
a )  i f  s = 0 w e  move on t o  s t e p  11; 
b) i f  s # 0 w e  move on t o  s t e p  7.  

7. N(’) and N (’ - are compared: 
a)  if < N ( s  - 1> 
b) if N(’) ,N ( s  - ’1-

8. The va lue  of k i s  rep laced  by k / 2  and w e  proceed t o  s t e p  13.  

w e  proceed t o  s t e p  9;  

w e  proceed t o  s t e p  8. 

9. k and 1 a r e  compared: 
a )  i f  k = 1 we proceed t o  s t e p  11; 
b) i f  k # 1 w e  proceed t o  s t e p  10. 

10. The va lue  of  k i s  rep laced  by 2k. 

11. The d e r i v a t i v e s  o f  aY/axo are computed. 

1 2 .  The va lue  of  s i s  rep laced  by s + 1. 

13. The va lues  of xlp0, X 2,0,  ..., x
m , O  

are computed by formulas (3.5) 

and ( 3 . 7 ) ,  and then  w e  r e t u r n  t o  s t e p  3. 

52. 	 Varia t ion  Problem o n  M i n i m u m  Acce lera t ion  T i m e  t o  
Achievements o f  Parabol i c  Veloci ty  [P2]. 

We w i l l  assume t h a t  t h e  i n i t i a l  o r b i t  i s  c i r c u l a r  and t h a t  t h e  spacec ra f t
i s  p rope l l ed  by an engine of  cons tan t  t h r u s t  ( see  Chapter 2,  51). 

The motion of  t h e  s p a c e c r a f t  i s  descr ibed  by t h e  fol lowing equat ion  
system: 
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(3.91 


(3.10) 


(3.11) 


(3.12) 


where r and $ are polar coordinates of the spacecraft (see Figure 1); u and v 
are the,radialandtransversaf velocity components; t is time; X is the angle
between the vector radius of the spacecraft and the thrust vector; a. is the 
initial reactive acceleration; V is the velocity of the reactive jet. All 

values in equations (3.9)-(3.12) are dimensionless. The dimensional variables, 

which will be denoted byanasterisk as in Chapter 2, can be found by using the 

following relations: 


7 ,  

t +  . 

Here r* is the radius o f  the initial circular orbit; p = yM is the product of 0 / 5 8  

the gravitational constant and the mass of the attracting body. 


We are required to find the function X ( t )  such that the time required for 
achieving parabolic velocity for the given a0 and V will be minimal. 

But by using the maximum principle, we will find the equations for the 
pulses pr> P($¶Pu> and Pv: 

(3.13) 
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(3.14) 


(3.15) 


(3.16) 


We now construct the function 


The function of H should be maximal with respect to A for all values of 
the phase coordinates. The maximum of H is achieved when angle h satifies the 
relations 

(3.17) 


At the final moment of time t = tk the condition for achieving parabolic 
velocity 

(3.18) 


must be satisfied. Moreover, when t = tk the phase coordinates should satisfy 
the conditions of transversality: 

pv - 0; P, prur 2 .I P v - P r ~ 2 *  (3.19) 

It follows from ( 3 . 6 )  that p is constant. Therefore, considering t h e  
(b

first of conditions (3.11), we find 
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p 
‘p 

IO. (3.20) 

By s u b s t i t u t i n g  (3.17) i n t o  (3 .9) - (3 .16) ,  r e c a l l i n g  (3.20) ,  we ob ta in  /59 

d r  2 ;- =  
d t  
d v  
-I -v .  
d t  r ’  

The v a r i a b l e  4 does not  appear i n  t h e  r i g h t  hand s i d e s  
f o r e  we may exclude equat ion  (3.22) from t h e  system of  

(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3 .25)  

(3.26) 

(3.27) 

of  t h e  equat ions .  There-
equat ions  ohtained and 

f i n d  4 by squar ing  a f t e r  we have solved t h e  boundary prohlem. Ecluation (3.22) 
should be i n t e g r a t e d  along with t h e  o t h e r  equat ions  when t h e  numerical  s o l u t j o n  
f o r  t h e  problem i s  being found by computer. 

I t  i s  easy t o  s e e  t h a t  t h e  form of  equat ions  (3.21)-(3.27)  and of  condi
t i o n s  o f  (3.19) enable  us t o  a s s ign  a r b i t r a r i l y  t h e  va lue  of  one o f  t h e  pu l ses  
a t  t h e  i n i t i a l  moment of  t ime.  We w i l l  cons ider  t h a t  p = 1 when t = 0.  

V 


Thus, w e  a r e  r equ i r ed  t o  f i n d  t h e  s o l u t i o n  f o r  equat ion  system (3.21)
(3.27) wi th  t h e  fol lowing boundary condi t ions :  
when t = 0 

(3.28) 
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and when t = tk 

r ( u 2  + v 2 )  - 2; P , ~- p,ur2 = 0; p, - p r u r 2  = 0. (3.29) 

One o f  t h e  cond i t ions  i n  t h e  end of t h e  t r a j e c t o r y  should be used f o r  
determining t h e  unknown t i m e  tk, i . e .  f o r  t e rmina t ing  i n t e g r a t i o n .  For t h i s  

2 2 purpose we should use  t h e  condi t ion  r ( u  + v ) = 2, s i n c e  w e  do no t  exclude / 6 0
t h e  p o s s i b i l i t y  t h a t  t h e  o t h e r  two e q u a l i t i e s  may be  r epea ted ly  s a t i s f i e d  i n  
t h e  t r a j e c t o r y .  

Analysis  of  t h e  boundary condi t ions  prompts a conclusion t h a t  when t = t
k 

t h e  t h r u s t  v e c t o r  should co inc ide  with t h e  v e l o c i t y  vec to r ,  while  t h e  der iva
t i v e  of  angle  y between t h e s e  vec to r s  ( see  F igure  l ) ,  i n  t i m e  should be equal 
t o  0 .  

I n  o rde r  t o  s o l v e  boundary problem (3.21) - (3.29) us ing  t h e  Newton method 
we have t o  know t h e  f i rs t  approximation of  t h e  missing i n i t i a l  condi t ions  

P r  0 
and p

U 
. In  o rde r  t o  s impl i fy  t h i s  problem w e  w i l l  express  p

r 
and p

U0 0 0 
through va lues  of  a s imple phys ica l  na tu re .  

From (3.17) w e  f i n d  

(3.30) 

and, consequently,  wi th  cons ide ra t ion  of t h e  f a c t  t h a t  p
V = 1, 

0 

Puil - co tho .  (3.31) 

By d i f f e r e n t i a t i n g  (3.30) wi th  r e spec t  t o  t ime and s u b s t i t u t i n g  t h e  va lues  
dp,/dt and dpv/dt from (3.26) and (3.27) i n t o  t h e  express ion  obta ined ,  w e  f i n d  

(3.32) 

We will assume t h a t  t h e  opt imal  equat ion  a t  t h e  i n i t i a l  s t a g e  i s  c l o s e  t o  t r a n s - /61 
ve r sa1  t h r u s t :  A r / 2 .  Then from (3.31) and (3.32) we can f i n d  pr = 1, 

0 

PU0 
= 0 .  These are t h e  va lues  which w e  s h a l l  use  as t h e  f i r s t  approximation 

i n  t h e  s o l u t i o n  o f  t h e  problem. 
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Figures 16 and 17 represent angle y (in rad) as a function of time and as 
a function of the number of orbits n around the attracting center at a constant 
reactive acceleration a = 10-2. Here we see that the thrust vector completes

0 
its oscillatory motions near the velocity vector. The amplitude of these 

osci1lations increases with the passage of time, while their period is about 

equal to the time of one orbit. 


0 1 2 3 n 

Figure 16 Figure 17 

Figure 18 represents the maneuver time tk as a function of constant 
acceleration a
0 '  

Figure 19 illustrates the values T1 = (tEl - tE )/tE (curve 1) and T~ = 

-- (tE2 - tE)/tE (curve 2), as functions of a constant ao. Here tE, t, and 
1 


are the time of optimal acceleration, the time of acceleration with 

tE2 

tangential thrust and the time of acceleration with transversal thrust, respec

tively. The Figure shows that tangential thrust produces a very slight loss 


in time (less than 1/2 % when a
0 

< S-IO-3), in comparison with optimal thrust. /62 


The loss for transversal thrust is greater, but when the values of a
0 
are 

small it is also quite small. 


The calculations made for the case of  constant thrust indicate that a 
reduction in the exhaust velocity V for the same values of a

0 
results in a 

reduction in the values T 1 and T 2' This signifies that Figure 19 shows the 
upper bounds of T~ and T 2 during acceleration at constant thrust. 

The calculations made herein indicate that when V 2 1 formulas of the 
type (2.57)-(2.62) can be used for determining the minimum acceleration time: 
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Figure 18 Figure 19 


The value of tk can be found from the simple relation 


1-08209 -(1-0,8209~0)2/2V 
t k  (3.34)

OO 

with a somewhat greater error. When reactive acceleration is constant 

t k  = 
1-0,8209 co 

.___ (3.35) 

The error in the determination of tk from (3.33)-(3.35) is the same as 


for the cases of tangential and transversal thrust (see Figure 8). 


S3. Variation Problem of Minimum Engine Burn Time During Acceleration to 
Parabol ic Velocity. 


It is assumed that the initial orbit is circular; reactive acceleration 

is constant. 


The motion of a spacecraft is described by the following equations in the 

polar coordinate system. 


(3.36) /63
-

(3.37) 
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-- 

(3.38) 

(3.39) 

'h! - =  6 .  (3.40)d t  

Here r and $I a r e  p o l a r  coord ina te s  (see Figure 1 ) ;  u and v are t h e F a d i a 1  and 
t r a n s v e r s a l  v e l o c i t y  components; t i s  t ime; tM i s  burn time of  t h e  engine; A 

i s  t h e  angle  between t h e  v e c t o r  r a d i u s  o f  t h e  s p a c e c r a f t  and t h e  r e a c t i v e  
a c c e l e r a t i o n  v e c t o r ;  a i s  r e a c t i v e  a c c e l e r a t i o n ;  6 = 1 on t h e  a c t i v e  segments 
and 6 = 0 on t h e  p a s s i v e  segments. 

A l l  values  i n  (3.36)-(3.40) a r e  dimensionless.  The va lue  of t h e  co r re s 
ponding dimensional v a r i a b l e s  can be found by using t h e  r e l a t i o n s  

where r* i s  t h e  r a d i u s  o f  t h e  i n i t i a l  c i r c u l a r  o r b i t ;  1-1 i s  t h e  g r a v i t a t i o n a l0 
parameter o f  t h e  a t t r a c t i n g  body. 

We a r e  required t o  f i n d  t h e  func t ion  X = X(t) and 6 = 6 ( t ) ,  t h e  minimiz
ing burn time tM f o r  a given a c c e l e r a t i o n  time t k '  

The pu l ses  pr '  p + ,  pu, pv, pM s a t i s f y  t h e  following equat ion system: 

(3.41) 

d% = 0; (3.42) 
Q t  

(3.43) 

(3.44) 

(3.45) 
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We will construct the function of H: 


P U V 2  Pu PP y V  +-- - + 6 a c o s h - ~ + 6 0 s i n h + p  AI6 .H = p r u + - r r 2  r 

The function of H is maximum when 


-sin?. (3.46) 

I for A > @  
n for A <O, (3.47) 

where 


i.e. 


(3.48) 


When t = tk the conditions of parabolic velocity 

r(u2 + v 2 )  = 2 (3.49) 

and the conditions of transversality: 

2 .  2 .  

%-0; p, - p , u r  1 p v = p r v r  1 P ,  - - a - (3.50) 

’\\. 
must be satisfied. From (3.42), “$45) and (3.50) it follows that p

@ 
:0, 

pM 	 -a. 

Thus the solution of the variation problem reduces to the solution of  the 
following boundary problem: 
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(3.51) 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

(3.56) /65-

(3.57) 

(3.58) 

(3.59) 

(3.60) 

when t = 0 

when t = tk 

d P U  
p u t ' .-

d t  
= -p ,  + -r , 

r ( u 2 + u 2 )  - 2; p ,  - p , u r 2 ;  p r , = p , v r 2 .  

100 tk -< 160.-

The s o l u t i o n  o f  t h i s  problem was found f o r  a = 0.01 wi th in  t h e  range 

I t  tu rned  o u t  t h a t  t h e  s o l u t i o n  f o r  t h e  boundary problem 

(3.51)-(3.60) i s  ambiguous. Thus, w i th in  the range  111 -< tk 125 w e  found two 
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s o l u t i o n s .  One of  them corresponds t o  a t r a j e c t o r y  with s i x  p a s s i v e  segments 
and t h e  o t h e r  corresponds t o  a t r a j e c t o r y  with seven p a s s i v e  segments. For 
tk wi th in  t h e  range 125 -< tk 5 134 t h e r e  were t h r e e  s o l u t i o n s  ( t r a j e c t o r i e s  

with six, seven, and e i g h t  p a s s i v e  segments) and f o r  tk w i t h i n  t h e  range 

134 < tk 151 t h e r e  were two s o l u t i o n s  ( t r a j e c t o r i e s  with seven and e i g h t  

p a s s i v e  segments).  

Figure 20 i l l u s t r a t e s  burn t ime tMk as a f u n c t i o n  of  a c c e l e r a t i o n  time tk '  
Curve 1-1 corresponds t o  t r a j e c t o r i e s  with s i x  p a s s i v e  segments, curve 1 -2  cor
responds t o  t r a j e c t o r i e s  with seven p a s s i v e  segments, and curve 1-3 t o  t r a j e c t 
o r i e s  with e i g h t  p a s s i v e  segments. AS tk i n c r e a s e s  t h e  va lue  of  tMk diminishes 

c l e a r l y  approaching t h e  va lue  t
Mk = (a- l ) / a  = 41.42 ( s l i p p i n g  cond i t ion :  an 

i n f i n i t e l y  l a r g e  number of  i n f i n i t e l y  small  p u l s e s  i n  t h e  p e r i c e n t e r s )  when 
t h e  i n c r e a s e  i n  tk i s  unbounded. 

The c a l c u l a t i o n s  show t h a t  i n  t h e  optimal t r a j e c t o r y ,  and i n  each o r b i t  
around t h e  a t t r a c t i n g  c e n t e r ,  t h e r e  i s  one a c t i v e  and one p a s s i v e  segment, and 
t h e  a c t i v e  segment i s  loca t ed  i n  t h e  a rea  of  t h e  p e r i c e n t e r .  This i s  t o  be 
expected, s i n c e  t h e  r a t e  of  i n c r e a s e  i n  energy i n c r e a s e s  a s  t h e  d i s t a n c e  be
tween t h e  s p a c e c r a f t  and t h e  a t t r a c t i n g  c e n t e r  d imin i shes .  

Figure 2 1  shows one of t h e  t r a j e c t o r i e s  with s i x  p a s s i v e  segments. The 
s o l i d  l i n e s  i n  t h e  f i g u r e  i n d i c a t e  t h e  a c t i v e  segments o f  t h e  t r a i e c t o r y  and / 6 7  
t h e  broken l i n e s  show t h e  p a s s i v e  segments. 

5 6w too I ~ Q  r20 130 f 4 ~150 t60 174 i8a i9a t, 

F i g u r e  20 
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- -  

Figure 21 


Figure 22 represents angle y between the 
velocity vector and thrust vector as a function 
of time (see Figure 1). The broken line indi
cates the dependence of  the values of angle y 
on t computed in the passive segments by form; 

_-	 ula (3.46) (y = A-arctan(v/u)). As seen i n  the 
figure, the values of angle y osculate nearer 

- a 2 D  10 20 30 40 58 fill 70 BO 90 t 	 zero. The amplitude of  osculations increases 
with the passage of time. The period of oscul
ations is approximately equal to time of one 

Figure 22 	 orbit. As in the problem examined in §2, y = 0 
when t = t k and the derivative of dy/dt is also 

equal ZD zero when t = tk ’  

In addition to the problem under examination, we also solved the variation 
problem on the minimum burn time during acceleration with transversal thrust. 
The corresponding boundary problem is derived from (3.51) - (3.60) by substituting
equations (3.53)’- (3.55) by the following equations: 
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The s o l u t i o n  o f  t h i s  problem was found f o r  t h e  range 120 -< tk -< 190 (as  

i n  t h e  preceding problem, we assuned t h a t  a = 0.01) .  Here t h e  s o l u t i o n  of  t h e  
boundary problem was a l s o  ambiguous. 

Figure 20 i l l u s t r a t e s  tMk a s  a func t ion  o f  tk '  Curve 2 -1  corresponds t o  

t r a j e c t o r i e s  wi th  s i x  pas s ive  segments, curve 2-2 t o  t r a j e c t o r i e s  with seven, 
and curve 2-3 t o  t r a j e c t o r i e s  with e i g h t  pas s ive  segments. 

I t  should be noted t h a t  t h e  a c c e l e r a t i o n  t ime f o r  opt imal  con t ro l  without  
engine burn when a = 0.01 i s  74.13. Thus, a s  seen i n  F igure  20, t h e  s l i g h t  
i n c r e a s e  i n  t h e  t o t a l  maneuver time r e s u l t s  i n  t h e  f a c t  t h a t  t h e  burn time of  
a c c e l e r a t i o n  with t r a n s v e r s a l  t h r u s t  becomes less than  t h e  a c c e l e r a t i o n  time 
wi th  opt imal  con t ro l  when t h e  engine burns c o n s t a n t l y .  

, : ; : ; ; ; ; _ . . . . . . ,- . . , c 
. I 1 

0 IO 20 30 40 50 60 70 80 90 100 110 120 130 140 t 

1 : . 1 L .a. --..I_I I . I r-. 


0 IG 20 30 40 5C 60 70 80 90 180 410 t20 $50 140 t 

----; : ! -c:---,2 
0 10 20 30 40 50 60 70 80 90 I00 510 420 130..140 

Figure 23 

F igure  2 3  i l l u s t r a t e s  t h e  d i s t r i b u t i o n  of t h e  a c t i v e  segments (heavy 
l ines)  f o r  t h r e e  d i f f e r e n t  s o l u t i o n s  when tk = 140. 

54. Varia t ion  Problem on Decelerat ion of Spacecraf t  Upon Approach t o  P lane t .  

In  t h i s  s e c t i o n  w e  w i l l  g ive  t h e  s o l u t i o n  t o  t h e  v a r i a t i o n  problem of 
t r a n s i t i o n  from t h e  sphere of i n f luence  of  a p l a n e t  t o  a given c i r c u l a r  
o r b i t  i n  a minimum time with cons tan t  r e a c t i v e  a c c e l e r a t i o n .  

The motion o f  a spacec ra f t  i s  descr ibed  by t h e  fol lowing equat ion system: 

-/ 6 8  

-Iu sine; 
(3.61)

dr = 
d t  
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(3.62) 

(3.63) 

(3.64) 

H r e  r and $I are p o l a r  coord ina te s ;  U i s  t h e  v e l o c i t y  v e c t o r  modulis (see Fig- /69 
u r e  1 ) ;  e is  t h e  angle  between t h e  l i n e  pe rpend icu la r  t o  t h e  v e c t o r  r a d i u s  and 
t h e  v e l o c i t y  vec to r ;  t i s  time; a i s  r e a c t i v e  a c c e l e r a t i o n ;  y i s  t h e  angle be
tween t h e  v e l o c i t y  v e c t o r  and t h e  t h r u s t  v e c t o r .  

In  equat ions (3.61)-(3.64) a l l  va lues  a r e  dimensionless .  They a r e  r e l a t e d  
t o  t h e  corresponding dimensional va lues  by t h e  fol lowing r e l a t i o n :  

where r* i s  t h e  r a d i u s  o f  a given c i r c u l a r  o r b i t  ( i n t o  which t h e  s p a c e c r a f tk .  
must be i n s e r t e d ) ;  1-1 i s  t h e  g r a v i t a t i o n a l  parameter o f  t h e  p l a n e t .  

We a r e  r equ i r ed  t o  f i n d  an equat ion which i n s u r e s  t r a n s i t i o n  wi th in  min
i m u m  time from p o i n t  r = p ;  $I = 0 ;  U = U 0 ;  e = e 0’ t o  t h e  s u r f a c e  r = 1; 

U = 1; 8 = T I .  Here p i s  t h e  r a t i o  of  t h e  r a d i u s  of  t h e  sphere of i n f luence  t o  
t h e  r ad ius  o f  t h e  given c i r c u l a r  o r b i t .  

We w i l l  cons t ruc t  a conjugate  equat ion system f o r  t h e  p u l s e s  pr’ P$I’ Pu 
and p,: 

(3.65) 

(3.66) 
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(3.67) 


(3.68) 


We then formulate the function 


The function of H becomes maximum when the values of angle y satisfy the rela- /70
-
tions 


The value of angle 6 is not known on the right-hand end of the trajectory, 
Therefore, considering (3.66) we will find p+ E 0. 

Thus, we are required to find a solution for the following boundary prob

lem: 


(3.69) 


(3.70) 


(3.71) 
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(3.72) 


(3.73) 


(3.74) 


(3.75) 


f o r  t = 0 

(3.76) 


f o r  t = tk 

T -1; u = 1 ;  0-7c; p, = -1. (3.77) 

Since t h e  time tk is not  known, we w i l l  have t o  use one of t h e  boundary 


condi t ions  (3.77) to complete i n t e g r a t i o n .  This i s  d i f f i c u l t  t o  do, s i n c e  i n  
t h e  case o f  a mult i . turn maneuver t h e  v a r i a b l e s  r, U and 0 can repea ted ly  ac
q u i r e  t h e  va lues  of  (3 .77) .  Therefore ,  t h e  equat ion system i s  i n t e g r a t e d  i n  /71-
t h e  oppos i t e  d i r e c t i o n ,  and i n t e g r a t i o n  i s  terminated when t h e  condi t ion  r = p 
i s  s a t i s f i e d .  I n  t h e  sense  of  t h e  problem, t h e  t r a j e c t o r y  o f  t h e  spacec ra f t  
does not  leave  t h e  sphere  o f  i n f luence  of  t h e  p l a n e t .  Therefore ,  t h e  condi t ion  
r = p can be s a t i s f i e d  only  once i n  t h e  t r a j e c t o r y .  The fol lowing assumptions 

3 2 were made f o r  t h e  c a l c u l a t i o n s :  p = 398,600 Itm / s e c  , p *  = 930,000 km, r{ = 

= 189,200 km, a* = '3.52 mm/sec2; t h e  va lues  of U0 and e0 v a r i e d  ( see  98 of  

Chapter 2 ) .  


Figure  24 i l l u s t r a t e s  t h e  r a t i o  of t h e  time o f  t h e  maneuver t o  t h e  mini
mal time tklnin= 344.2 as a func t ion  of t h e  va lues  o f  e0 and Uo.  This  abso lu t e  

minimum i n  d e c e l e r a t i o n  t i m e  i s  found when U 0 = 0.516 and eo = 4.500. 
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As r ega rds  t h e  n a t u r e  o f  c o n t r o l ,  t h e  man
euver c o n s i s t s  o f  two s e c t i o n s .  The du ra t ion  
of  t h e  i n i t i a l  s e c t i o n  i s  equal  t o  about t h e  
time o f  one ( t h e  f i r s t )  o r b i t  around t h e  e a r t h  
( t h e  e n t i r e  maneuver r e q u i r e s  about t h i r t y  o r  

b i t s ) .  I n  t h i s  s e c t i o n  t h e  e c c e n t r i c i t y  o f  

t h e  oscu la t ing  o r b i t  i s  reduced t o  about zero,  

and t h e  cha rac t e r  o f  c o n t r o l  i n  t h i s  case  de

pends s t r o n g l y  on t h e  i n i t i a l  v e l o c i t y  vec to r .  

In  t h e  second s e c t i o n ,  which i s  concluded when 

t h e  s p a c e c r a f t  i s  i n s e r t e d  i n t o  t h e  given c i r  

c u l a r  o r b i t ,  t h e  t h r u s t  i s  c lose  t o  t a n g e n t i a l  

f o r  a l l  i n i t i a l  cond i t ions .  


S5. 	 Trans i t i on  B e t w e e n  C i rcu la r  Coplanar 
Orb i t s  

In  t h i s  s e c t i o n  we w i l l  examine t h e v a r i a 
t i o n  problem of  t h e  minimum t r a n s i t i o n  time 
from an e a r t h  o r b i t  t o  o r b i t s  of  o t h e r  p l a n e t s .  
A l l  o r b i t s  a r e  regarded a s  c i r c u l a r .  I t  i s  
assumed t h a t  r e a c t i v e  a c c e l e r a t i o n  i s  cons t an t .  

I n  t h e  s o l u t i o n  of  t h e  given problem we 

w i l l  assume t h a t  t h e  only f o r c e  a c t i n g  upon t h e  


Figure 24. spacec ra f t  o t h e r  than  r e a c t i v e  f o r c e s  i s  t h e  

f o r c e  of  a t t r a c t i o n  o f  t h e  sun ,  i . e .  we w i l l  


examine t h e  case where t h e  spacec ra f t  i s  loca ted  beyond t h e  sphere  of  i n f luence  

of  t h e  p l a n e t s .  The problem of  reaching a c e r t a i n  p o i n t  i n  t h e  sphere of  i n =  

f luence  and t r a n s i t i o n i n g  from it t o  a c i r c u l a r  o r b i t  around a p l a n e t  was s o l  

ved i n  t h e  preceding s e c t i o n .  The motion of  t h e  spacec ra f t  i s  descr ibed  by 

t h e  fol lowing equat ions  i n  t h e  p o l a r  coord ina te  system: 


( 3 . 7 8 )  

(3.79) 


( 3 . 8 0 )  

(3.81) 


Here r and I$ a r e  p o l a r  coord ina tes  ( see  Figure 1 ) ;  u and v a r e r a d i a l  and t r a n s  

v e r s a l  v e l o c i t y  components; a i s  r e a c t i v e  a c c e l e r a t i o n ;  X i s  t h e  angle  between 

t h e  v e c t o r  r a d i u s  of  t h e  spacec ra f t  and t h e  t h r u s t  vec to r ;  t i s  t i m e .  
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A l l  va lues  i n  t h e s e  equat ions are diinensionlzss.  The corresponding dimen
s i o n a l  vasues,  denoted by t h e  as te r i sk ,  can be’found by formulas 

where r* is t h e  r a d i u s  o f  t h e  e a r t h  o r b i t ;  1-1 = yM i s  t h e  product  o f  t h e  g r a v i t 0 
a t i o n a l  constant  by t h e  mass of t h e  sun. 

We a r e  r equ i r ed  t o  f i n d  c o n t r o l  X(tj which provides  t r a n s i t i o n  from t h e  

po in t  


t o  t h e  plane 


i n  minimum t ime.  


We w i l l  formulate  the f u n c t i o n  o f  H:  


Here pr’ p + ,  pu and pv a r e  p u l s e s  which s a t i s f y  t h e  system o f  equat ions 


(3.82) 

dP,= 0;
dt  (3.83) 

(3.84) 

(3.85) 
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From t h e  cond i t ion  o f  t h e  maximum of  t h e  f u n c t i o n  o f  H w e  f i n d  


(3.86) 


Angle $I i s  n o t  known a t  t h e  f i n a l  moment o f  t ime t = tk . Therefore ,  

= 0 when t = t Reca l l ing  (3.83) ,  we f i n d  p = 0.  Equations (3.82)-(3.85)
p$I k '  4 
a r e  s i m i l a r  i n  r e l a t i o n  t o  t h e  pu l ses ;  t h i s  enables  us,  as i n  t h e  problem ex
amined i n  5 2 ,  t o  assume t h a t  p = 1 when t = 0. 

V 

By s u b s t i t u t i n g  (3.86) i n t o  equat ions  (3.78)-(3.81) ,  we f i n d  


A=---dp Puv2 2Pu y ;
dt  r 2  r3 1 

The boundary cond i t ions  a re :  


t = 0 ;  r = l ;  u,-0; u = o ;  v = l ;  p v = l ;  
t + ;  l = l k ;  u = o ;  V P l / J q .  

I t  i s  assumed i n  t h e  c a l c u l a t i o n s  t h a t  a = 0.1667; t h i s  corresponds ap
2proximately t o  t h e  dimensional va lue  a* = 1 mm/sec,. 

Figure 25 shows t h e  dependence of  t h e  h e l i o c e n t r i c  r a d i u s  a s  a func t ion  of  
t ime f o r  t r a n s i t i o n s  t o  o r b i t s  around Venus, Mars and J u p i t e r .  The r e l a t i v e  
t ime t = t/tk, where tk is  t h e  t i m e  of  t r a n s i t i o n ,  equal  t o  2.33 f o r  Venus, / 7 5  

3.25 f o r  Mars, and 9.31 f o r  J u p i t e r ,  i s  arranged along t h e  absc i s sa ;  t h e  
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corresponding t i m e  i n  days i s  135, 189 and 540 r e s p e c t i v e l y .  The angle  o f  
t r a n s i t i o n  c $ ~  is  172, 138 and 185O r e s p e c t i v e l y .  The t i m e  o f  t r a n s i t i o n  t o  

t h e  o r b i t s  o f  o t h e r  p l a n e t s  i s  789 days f o r  Sa turn ,  1,150 f o r  Uranus, 1,480 

days f o r  Neptune, and 1,720 days f o r  P lu to .  


A 

4 

2 

0 

-2 

Figure 25 Figure 26 

u
Figure 26 i l l u s t r a t e s  t h e  graphs o f  t h e  dependence of U = 
J 2  

+ v 2 , @ and 
h on t i m e  dur ing  t r a n s i t i o n  t o  an o r b i t  around Venus. 

56. T h e  Rounding O f f  o f  an E l l i p t i c a l  Orb i t .  

In  t h i s  s e c t i o n  we w i l l  examine t h e  v a r i a t i o n  problem of  s h i f t i n g  t h e  

spacec ra f t  l oca t ed  i n  an e l l i p t i c a l  o r b i t  a t  t h e  i n i t i a l  moment t o  a c i r c u l a r  

o r b i t  of  unknown r a d i u s .  
 The time r equ i r ed  f o r  t h e  maneuver i s  minimized. 

React ive a c c e l e r a t i o n  i s  assumed t o  be cons t an t .  


The equat ion  system desc r ib ing  t h e  motion of  t h e  s p a c e c r a f t  i s  


(3.87) 


(3.88) 


(3.89) 


(3.90) 


Here r and 4 a r e  t h e  p o l a r  coord ina tes  (see Figure 1 ) ;  11 and v a r e  t h e r a d i a l  	 / 76 
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and t r a n s v e r s a l  v e l o c i t y  components; t i s  time; a i s  r e a c t i v e  a c c e l e r a t i o n ;  
X i s  t h e  angle  between t h e  v e c t o r  r a d i u s  of t h e  s p a c e c r a f t  and t h e  t h r u s t  vec
t o r .  

The v a r i a b l e s  i n  equat ions ( 3 . 8 7 )  - ( 3 . 3 0 )  are dimensionless .  The dinien
s i o n a l  values  of  t h e  v a r i a b l e s  can be found from t h e  fol lowing formulas: 

where r* i s  t h e  d i s t a n c e  t o  t h e  apocenter  of t h e  i n i t i a l  e l l i p t i c a l  o r b i t ;  p0 
i s  t h e  g r a v i t a t i o n a l  parameter o f  t h e  a t t r a c t i n g  body. 


The conjugate equat ion system f o r  t h e  p u l s e s  pr Y  P 6 Y  PuY Pv is 

We formulate t h e  func t ion  


The func t ion  of  H i s  maximum when 


(3.91) 


(3.92) 


(3.93) 


(3.94) 


2
When t = tk ( a t  t h e  f i n a l  moment of  time) r v  = 1, u = 0,  2pr = pvv2 p$ 

= 0 .  The las t  of  t h e s e  cond i t ions  along with equat ion (3 .92)  y i e l d s  t h e  f o l 
l lowing r e s u l t :  p6 - 0 .= 

7 8  



-. ..-_._._. . 

Thus, t h e  s o l u t i o n  of  t h e  v a r i a t i o n  problem reduces t o  t h e  s o l u t i o n  o f  

t h e  fol lowing boundary problem: 


When t = 0 

I-

when t = t k 

Here e0 i s  e c c e n t r i c i t y  o f  t h e  i n i t i a l  o r b i t .  Angle @ i s  taken from t h e  d i r e c 

t i o n  t o  t h e  p e r i c e n t e r .  


The cond i t ion  p
V 

= 1 i s  known because of t h e  s i m i l a r i t y  o f  equat ions 

(3 .91 ) - (3 .94 )  r e l a t i v e  t o  t h e  p u l s e s .  


The c a l c u l a t i o n  made f o r  3*10-* < a < 10 and lo-* < e < lo-’  i n d i c a t e  
t h a t  when t h e  values  o f  r e a c t i v e  acceleraFion a are higF, !t-is more d e s i r a b l e  
t o  i n i t i a t e  t h e  maneuver n e a r e r  t h e  apocenter .  The s t a r t i n g  p o i n t  which i n 
s u r e s  t h e  minimum t i m e  i s  d i sp laced  toward t h e  s p a c e c r a f t  when a c c e l e r a t i o n  i s  
reduced. 

For t h e  problem under cons ide ra t ion  t h e r e  i s  l o c a l l y  optimal c o n t r o l  which 
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- -  

i s  s e l e c t e d  i n  such a way t h a t  t h e  ra te  o f  r educ t ion  o f  e c c e n t r i c i t y  w i l l  be 

maximum a t  each moment o f  t i m e  ( see  Chapter 1 ) .  I t  seems t h a t  t h e  t i m e  re 

qu i red  f o r  execut ing t h e  maneuver with l o c a l l y  opt imal  con t ro l  i s  c l o s e  t o  t h e  

t i m e  determined through t h e  s o l u t i o n  of  t h e  v a r i a t i o n  problem. The maximal 

d i f f e r e n c e  i s  4.9%, i . e .  t h e  optimum con t ro l  i s  c l o s e  t o  t h e  l o c a l l y  opt imal  

c o n t r o l .  This  f a c i l i t a t e s  t h e  s e l e c t i o n  of  t h e  f i r s t  approximation f o r  t h e  

s o l u t i o n  o f  t h e  boundary problem. 


57. Varia t ion  Problem o f  Rendezvous of Spacecraf t .  

Let two s p a c e c r a f t  (we w i l l  denote them by t h e  numbers 1 and 2 )  move i n  
c i r c u l a r  coplanar  o r b i t s  o f  r a d i u s  r1 and r2, where r1 < r2 '  A t  t h e  moment /78 


t = 0 t h e  c e n t r a l  angle  between t h e  vec to r  r a d i i  of  t h e  s p a c e c r a f t  i s  @.A t  
t h i s  moment t h e  engine o f  s p a c e c r a f t  1 i s  i g n i t e d  and a f te r  t ime tk both  space

c r a f t  meet i n  t h e  o r b i t  o f  r a d i u s  r where no l i m i t s t i o q s  a r e  imposed on t h e 

2' 

value  of  t h e  r e l a t i v e  v e l o c i t y  of t h e  spacec ra f t  a t  t h e  p o i n t  of  rendezvous. 


The motion o f  s p a c e c r a f t  1 with cons tan t  r e a c t i v e  a c c e l e r a t i o n  i s  desc r ib  

ed by t h e  fol lowing equat ion  system: 


d r  - u; (3.95) 
dt  

(3.96) 


(3.97) 


(3.98) 


Here r and (I a r e  t h e  p o l a r  coord ina tes  ( see  Figure 1);  u and v a r e  t h e r a d i a l  
and t r a n s v e r s a l  components of  t h e  v e l o c i t y  vec to r ;  t i s  t ime;  a i s  r e a c t i v e  
acce le ra t ion ;  A i s  t h e  angle  between t h e  v e c t o r  r ad ius  o f  t h e  spacec ra f t  and 
t h e  t h r u s t  v e c t o r .  

A l l  va lues  i n  (3 .95)-(3.98)  a r e  dimensionless .  The dimensional and dimen

s i o n l e s s  va lues  a r e  i p t e r r e l a t e d  by t h e  fo l lowing  formulas ,  where t h e  a s t e r  

i s k s  denote t h e  dimensional va lues :  




Here r*1 i s  t h e  r a d i u s  of  t h e  i n i t i a l  o r b i t  of s p a c e c r a f t  1; i s  t h e  g r a v i t  


a t i o n a l  parameter of  t h e  a t t r a c t i n g  body. 


I t  i s  convenient a t  t h i s  p o i n t  t o  use a r o t a t i n g  coord ina te  system con

nected  with s p a c e c r a f t  2 .  F o r  t h i s  purpose w e  w i l l  make t h e  s u b s t i t u t i o n  


y - ' P - u t ,  (3.100) 

where w i s  t h e  angular  v e l o c i t y  of  s p a c e c r a f t  2 i n  o r b i t .  If t h e  dimensionless  

r a 6 i u s  of t h i s  o r b i t  is  denoted through R ,  then  w = l/p.As t h e  r e s u l t  of  

s u b s t i t u t i o n  (3.100) equat ion  (3.98) i s  r e w r i t t e n  a s  fo l lows:  


*_E_,. (3.101)/79
d t  

The boundary condi t ions  f o r  system (3 .95) - (3 .97) ,  (3.101) i s  a s  fol lows:  
f o r  t = 0 

f - 1 ;  u-0; v - l ;  y - 0 ;  (3.102) 

f o r  t = tk 

The problem i s  now t o  f i n d  t h e  equat ion  X = X(t) such t h a t  t h e  s o l u t i o n  of  
system (3 .95) - (3 .97) ,  (3.101) with boundary condi t ions  (3.102) , (3.103) i n s u r e s  
t h e  minimum t ime tk.  We formulate  t h e  func t ion  of  H :  

(3.104) 


From t h e  cond i t ion  of t h e  maximum of  H wi th  r e s p e c t  t o  A ,  w e  f i n d  t h e  opt imal  
con t ro l  : 

13.105) 


The conjugate  system has t h e  fo l lowing  form: 
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-- 

(3.106) 

P"V . (3.107)apfJ - -p, .t p1 

d t  

(3.108) 


(3.109) 


Since neither u(tk) or v(t,) are known, the following two conditions of 


transversality must be satisfied: 


The solution of the conjugate system is determined with an accuracy up to 

a constant factor. Therefore, the initial value of one of the pulses can be 

regarded as known. Since it follows from (3.109) that p ,  = const, it is con-	 /:!J

~ 

venient to assume th.is constant to be equal to some known number. However, the 

question concerning the choice of the sign of this constant is not trivial and 

requires special consideration. 


We will notice that there is some minimum time to of intersection of the
k 

orbit of spacecraft 2 by spacecraft I.. This time t0 corresponds to the case 


0 k 
where angle Y is not known when t = tk = tk. Then, j.n addition to (3.110),  we 
obtain yet another condition of transversality 


p p , )  - 0. (3.111) 

L e t  the optimal transition with time to correspond at the moment that t = 0 tok 
some angle 0' between the vector radii .of the spacecraft. We will denote the 


angles greater than 0' through @+, and the angles less than @' through 0-. 

The optimal transition times corresponding to these initial angles will be de

+ +

noted through tk and t- respectfully. It is obvious by definition that tk >k'0>to and ti > tk. The following inequaltities will then be valid:k 
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(3.112) 


Based on t h e  r e s u l t s  o u t l i n e d  i n  [18,19] it can be  demonstrated t h a t  


and consequently we f i n a l l y  have 


Thus,  we have t h e  fol lowing boundary problem: 


e_ , ;
da 

(3.113) 


(3.114) 


(3.115) 


(3.11b) 

(3.117)/81

(3.118) 


(3.119) 


(3.12G) 


(3.121) 
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when t = 0 

when t = tk 

In  t h e  case  to i n  (3.123) t h e  condi t ion  Y = @ must be s u b s t i t u t e d  by t h ek 
condi t ion  

p v  - 0. (3.124) 

Moreover, i n  t h i s  case  t h e  pu l ses  a r e  once again determined with an accuracy 
up t o  a cons tan t  f a c t o r .  Cons idera t ions  analogous t o  those  o u t l i n e d  above show 
t h a t  we may assume t h a t  p (0) = 1. r 


I n  o rde r  t o  f i n d  a good f irst  approximation f o r  t h e  s o l u t i o n  o f  t h e  bound

a ry  problem, we w i l l  cons t ruc t  i t s  approximate s o l u t i o n  by us ing  t h e  smallness  

of  r e a c t i v e  a c c e l e r a t i o n  a .  We w i l l  cons ider  t h a t  


(3.125) 


(3.126) 


(3.127) 


By s u b s t i t u t i n g  (3.125)-(3.127) i n t o  (3.115)-(3.118) and d e l e t i n g  t h e  terms o f  


t h e  power a', we f i n d  


(3.128) 


(3.129) 


(3.130)/82

(3.131) 
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The conjugate system acquires the following form: 

lip 5’’d t = P , - P ,  (1)  . (3.132) 

(3.133) 


(3.134) 


Here p
Y 
is determined, as before, by (3.114). 

The boundary conditions for equations (3.128)- (3.134) for the cases tk+ 

and t- are of the following form: for t = 0IC 

for t = tk 

In the case to when p 
Y 

= 0, we have the following boundary conditions: for
k ’  

t = O  


(3.137) 


for t = tk 

r ( l )  R - 1  . 
a , pL’)-o;  p y - 0 .  (3.138) 

We will construct the solution of equations (3.128)-(3.134) for the case 


tl. The solution of the conjugate system (3.123)-(3.134) has the form 


Pr(l’ - 2sinx - b c o s x  - 3 x +  2 b ;  (3.139) 

PL1) = - ~ ( ~ - c o s x )+ b s i n x ;  (3.140) 
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p(’) = 4 s i n ~+ 2 b ( 1 - cosx)-3X, (3.141) 

where x = tk - t; b is an unknown constant. The control X(t) is defined by 
the formula 

(3.142) 


By substituting X into (3.128)- (3.131) and integrating the system obtained with 

consideration of the boundary conditions (3.135), (3.136), we have two equa

tions with two unknowns tk and b: 


(3.143) 


(3.144) 


where 


In the case ti in formulas (3.143), (3.144) it is necessary to reverse the 


sign in front ,ofJ1 and J2 .  Finally, in the case tQ formulas (3.142)-(3.144)
k 

become 


tan h - ?cot-	I .  
2 ’  
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Although the integrals in (3.143), (3.144) are not calculated analytically 

the solution of these equations is considerably simpler than the solution of  

the original boundary problem. 


If the orbits of the spacecraft are similar, i.e. R varies only slightly

from unity, equation (3.144) can be approximately substituted by the following: 


(3.145) 


By comparing (3.143) with (3.145) we see 


(3.146) 


The solution of the accurate boundary problem (3.115)-(3.123) by the 

Newton method requires three values for the initial conditions: pro, pu0, pvo. 


-!-For the cases tk and t,: the first approximation of these initial conditions is 
taken from the solution of (3.143), (3.144) relative to b and tk. As follows 


from (3,139)-(3.141), f o r  the case tk 
ithe following is applicable: / 84-

In the case t- it is necessary to change the signs of these formulas for prO'k 0 
PUOJ pvo to the opposite sign. In the case tk the first approximation is found 
from the formulas 


Since the time of transition tk is unknown, one of the conditions on the 


right-hand end should be used for determination of integration in the solution 

of t.heCouchys problem for the system of differential equations (3.115)- (3.121). 

In the given case, however, since we have concentrated on obtai-ninga set of 

solutions for a wide range of angles CP and radii R ,  it is more convenient in 

the solution of the boundary probl-emto know the time tk and to find the angles 
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@ (or r a d i i  R i n  t h e  case  t	0) .k 
Thg r e s u l t s  o f  t h e  c a l c u l a t i o n s  a r e  r ep resen ted  i n  F igures  27-33. 


Figures  27 and 28 r ep resen t  t a s  a func t ion  of  R and @. Figure  27 cor

responds t o  t h e  case  where a = lo-'; it was found by c a l c u l a t i n g  t h e  approx

imate s o  u t i o n .  F igure  28 corresponds t o  t h e  case  a = t h e  approximate 
s o l u t i o n  i s  represented  by t h e  broken l i n e .  I t  d i f f e r s  on ly  from t h e  accura te  

0s o l u t i o n  when t h e  va lues  of  tk i n  t h e  v i c i n i t y  o f  t h e  curve f o r  tk a r e  g r e a t .  


Figure 27 Figure 28 

+ 0The range of  tk i n  Figures  27 and 28 i s  loca ted  above t h e  curve f o r  tk ;  

below t h i s  curve l i e s  t h e  range 0 f . tk '  


Figures  27 and 28 d i f f e r  bu t  s l i g h t l y  from each o t h e r ,  a c t u a l l y  onlv i n  


s c a l e  ( f o r  a = 10-3  it i s  10 t imes g r e a t e r  than  f o r  a = 10-4 ) .  This  f a c t  i s  
t h e  obvious r e s u l t  of formula (3.146).  

n 

Figure 29 r e p r e s e n t s  t ime tk a s  a func t ion  of angle  when a = 

Examples of  opt imal  t r a j e c t o r i e s  r ( t )  and c o n t r o l  X(t)  a r e  i l l u s t r a t e d  i n  

4-


Figure 30 (a  = lo-'; R = 1.07;  tk = 5,  f o r  t h e  case  t k )  and i n  Figure 31 
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(a  = lo-’; R = 1.05; t
k 

= 5; f o r  t h e  case  ti. For t h e  case  t+ t h e  va lue  o f
k 

r ( t )  diminishes  a t  f irst ,  bu t  then  inc reases  sharp ly  t o  r = R .  For t h e  case  / 8 7-
t-k t h e  va lue  o f  r ( t )  f i r s t  i n c r e a s e s ,  i n t e r s e c t s  R ,  and then  diminishes .  


q o r  0.02 0,03 404 0.05 0.06 4 

Figure 29 

A 


F i g u r e  30 Figure 21  

If r e a c t i v e  a c c e l e r a t i o n  i s  s u f f i c i e n t l y  g r e a t ,  it might t u r n  out  then  
t h a t  t r a n s i t i o n  w i l l  be p o s s i b l e  f o r  one and t h e  same angle  @, both  i n  t h e  t r a 

+ +j e c t o r y  o f  t h e  type  tk and i n  t h e  t r a j e c t o r y  of  t h e  type  t-k ’  where tk = ti and 

@; = Qi. Figure 32 shows t h e  graph of  t h e  func t ion  tk = t k ( Q )  f o r  t h e  case  

a = 10-1 and R = 1. There i s  a p o i n t  on t h i s  f i g u r e ,  0 = 3 . 6 3 2 ,  which co r re s 
ponds t o  two optimal t r a j e c t o r i e s ,  t r a n s i t i o n  by which i s  p o s s i b l e  i n  t h e  iden
t i ca l  t i m e  tk = 6 . 0 7 5 .  Figure  33 shows both of t h e s e  t r a j e c t o r i e s .  The l e t 

ters  A and B denote  t h e  i n i t i a l  p o s i t i o n s  o f  s p a c e c r a f t  1 and 2, and C denotes  

t h e  p o i n t  of  t h e i r  rendezvous.  
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Figure 3 2  Figure 3 3  

6 8 .  T r a n s  i t ion Be tween C i r c u  1 a r Non-cop 1 a n;l r 0r b its . 
‘The motion of a s p a c e c r a f t  urider cons tan t  r e a c t i v e  a c c e l e r a t i o n  i s  des 


c r ibed  by t.he fol lowing equat ions  i n  the  sphe r i ca l  coord ina te  system: 


(3.147) 


(3.148) 


(3.149) 


(3 .  ISO)/SS

(3.151) 


(3.152) 


here  s, 9 ,  8 a r e  t h e  s p h e r i c a l  coord ina tes  o f  t h e  s p a c e c r a f t  (Figure 34);  u ,  v ,  


w a r e  t h e  p r o j e c t i o n s  of t h e  ve loc i - ty  vec to r  on t h e  d i r e c t i o n s  o f  t h e  u n i t  vec

-4 , p, and 8; ‘t i s  t ime; a is r e a c t i v e  a c c e l e r a t i o n ;  K and X a r e  con-t o r s  1 

t r o l . l i n g  angles  (Figure 35) .  

A l l  va lues  i n  equat ions  (3.147)-(3.152) a r e  dimensionless .  Conversion t o  

di.mensional v a r i a b l e s  i s  accomplished by formu-las 
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where r* is the radius of the initial circular orbit; l~ is the gravitational0 
parameter of the planet (dimensional values are denoted by the asterisk). 


Figure 34 Figure 35 


We will assume that the circular orbit into which the spacecraft is to be 

inserted lies in the plane xOy (see Figure 34)(the radius of this orbit is rk), /89
-
the angle between the planes of the initial and final orbits is i

0' 
the line of 

intersection of the planes of these orbits (nodal lines) coincides with the Ox 
axis, and when t = 0 the spacecraft is located on the nodal line. 

We are required to find the equation K = K(t), X = X(t) which insures 
transition from a given point of the circular orbit of unit radius and of in
clination i0 to a circular orbit of radius rk in the minimum time. 

We will formulate the function of H: 


. 




where pr' P+, pe,  pu, pv and pw are pulses which satisfy the conjugate equa

tion system: 


(3.153) 


dP (3.154)
' 9 - 0 ;d t  

(3.155) 


(3.156) 


(3.157) 


(3.158) 


. We will now find the equation which yields the maximum for the function 
of  H: 

sinx - COSK P pw (3.159)/90
-p P,7 +P, 2 + Pw ' p-77P, +P, +P, 

sinh = pv . 
cos h I pti 

(3.160) 

It follows from equation (3.154) that p$ = const. When t = tk '  the value 

of p$ = 0, since $
k 

is not known, and therefore p 0. 
8 4 

By substituting expressions (3 .159) ,  (3.160) for controlling angles into 

equation system (3.147)-(3.152) and combining (3.153)-(3.158) with it, we ob

tain 
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-=dl u;
d t  (3.161) 

(3.162) 


(3.163) 


(3.164) 


(3.165) 


dw=-ull!---v 2tge a pw 
dt r +JTJP: + P v  +P, 

(3.166) 

(3.167) 


(3.168) 


(3.169) /91 


(3.170) 


(3.171) 


Equation system (3.161)- (3.171) is uniform with respect to the pulses. 

Therefore, we may assume that pu + p t  = 1 when t = 0. 

Thus we must find the solution fo r  equation system (3.161)-(3.171) for 
the conditions: when t = 0 

r - 1 ;  'p-0; 0-0; u = o ;  
v =  c o s i o ;  w - a i n i o ;  p," + p i  - 1; I (3.172) 
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I 11111 I I 1111111111 111111 111 I1 I I 1111111.1111111 I.., I I 1.11 111 ,I I I, ,1111 . I .. -.. ..... -.. , . . .- ..... 

when t = tk 

r - r k ;  e = O ;  u-0; V - I / ~ ;w - 0 .  (3.173) 

The moment tk i s  no t  known before  hand. I t  i s  impossible  t o  te rmina te  t h e  


i n t e g r a t i o n  of  equat ion  system (3.161)-(3.171) a t  t h e  moment when one of  con
d i t i o n s  (3.173) i s  s a t i s f i e d ,  s i n c e  i t  i s  not  known be fo re  hand whether o r  not  
any o f  t h e  coord ina tes  r ,  8 ,  u,  v, and w change monotonical ly .  In t h i s  prob
lem, t h e r e f o r e ,  t h e  fol lowing procedure i s  used.  To equat ion  system (3.161)
(3.171) , we add 

d t ,  
0. (3.174)

d t  

The s o l u t i o n  of  boundary problem (3.161) - (3.174) r e q u i r e s  t h a t  we s e l e c t  , us ing  
t h e  Newton method, such va lues  of  pro, p e o J  puoJ pwo and t k Jt h a t  condi t ions  

(3.173) -be s a t i s f i e d .  I n t e g r a t i o n  i s  terminated when t = tk '  

The problem i s  so lved  f o r  a = 0.005. In  choosing t h e  f i rs t  approximation, 
t h e  r e s u l t s  o f  t h e  s o l u t i o n  of t h e  v a r i a t i o n  problem f o r  t h e  averaged equat ions 
of t r a n s i t i o n  between c i r c u l a r  non-coplanar o r b i t s  ( s ee  Chapter 2 )  a r e  used.  

For t h i s  purpose,  t h e  s e l e c t i o n  o f  t h e  va lues  o f  pro, PeoJ PUo J Pwo i s  

reduced t o  s e l e c t i o n  f o r  t = 0 of angles  ci and 8 and of  t h e  d e r i v a t i v e s  of  
t h e s e  angles  wi th  r e s p e c t  t o  t ime,  where ci i s  t h e  angle  between perpendicular  / 9 2 


?, t o  t h e  ins tan taneous  o r b i t a l  p lane  P and a c c e l e r a t i o n  vec to r  2 (Figure 36);  

B i s  t h e  angle  between t h e  v e c t o r  r ad ius  of  t h e  s p a c e c r a f t  r and the  p r o j e c t i o n  

of  Z on p lane  P .  

Then, i n  a manner s i m i l a r  t o  t h a t  i n  which r e l a t i o n s  (3.30)-(3.31)  were 

der ived  i n  5 2  of t h i s  chap te r ,  we f i n d  formulas f o r  c a l c u l a t i n g  pr~ P ~ J 
P,J Pv 
and pw f o r  t = 0:  

a+ cos i + c o s  i cos2 A + s i n  iOcotxsinAd t  0 
#Pr s i n h  

P o  = (1+COtx)d; + p  cosxotK+cosi0 cosAsin?cotn  i K r  
- zs in iocos  h-siniOa>shCotK; 

Q, = C O S h ;  

p,  I sinh; 
p, -Cot%, 
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where 

s i n  a s i n  ecos i O - s i n  i o c o s  a 

s i n k  = . 
J l - ( c O s i  0 c o s  a + s i n i O s i n a s i n  

s i n  a s i n  p s i n  i + c o s  i o c o s  a 
C O t x .  = 

J i  - ( C O 6  io cos a + sin io s i n  a s i n  
2 )  

+ p,cos io (cos a s i n  i - sin a sin B cos io)1; 
d ?dKCOsxcos x - d a  cos a co8 p +  - s i n  p s i n  ad x  dt  ar dt 

-=dt sin hsin n 

The va lues  of a, 6 ,  da /d t ,  df3/dt, and tk a r e  assumed t o  be equal  when 	 /93 
t = 0 ( see  Chapter  2 5 4 - 7 ) :  

?r io 

t k  \ii - 2c0s6-+ J - u - 1 .  
'k 


The r e s u l t s  o f  t h e  c a l c u l a t i o n s  are l i s t e d  i n  Table  3 .  I n  t h e  t h r e e  l a t  

t e r  cases t h e  va lue  of r v a r i e d  non-monotonically.  A t  f i r s t  t h e  r a d i u s  i n c r e a  

ses t o  a va lue  exceeding t h e  r a d i u s  of  t h e  f i n a l  o r b i t ,  bu t  then  it  d iminishes  

t o  rk. 


Figure  37 shows t h e  dependence of angles  a and 6 on t i m e  when rk = 1.13,  /94
io = 0 . 1 4  rad .  The radialcomponent  o f  t h r u s t ,  a s  w e  have assumed, i s  smal1,and 
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t h i s  i s  v e r i f i e d  by t h e  nearness  o f  angle  B t o  a/2 through t h e  e n t i r e  t r a j e c t 
ory .  The normal components o f  t h r u s t  changes i t s  s i g n  twice i n  each o r b i t .  
The same c h a r a c t e r  o f  con t ro l  was observed i n  a l l  var iances .  This  i s  evidence 
of  t h e  nearness  of t h e  con t ro l  found i n  97 of  Chapter 2 t o  t h e  opt imal  c o n t r o l .  

Table 3* 

‘k 1 ’ 0  f ‘k 
1.1 oouoo 0. f00000 31,180 
1,117000 0.12234O 38.000 
I, 130000 0,I40000 44,000 
1,1480OO 0.1711000 53,250 
1,159500 0,200070 60.980 
1,1672~1 0,225700 88,480 
1,172500 0,254400 76,780 
1,174005 0.279455 84,100 
1. I73250 0,297000 80.050 
1.1705OO 0,3 18000 85,420 
1,1675OO 0.332000 88,476 

19 20 so 49 

F i g u r e  36 Figure 37 

Sg.  Trans i t i on  B e t w e e n  He l iocen t r i c  C i rcu la r  O r b i t s  Using a Solar  Sa i l  [ 2 4 ] .  

The v a r i a t i o n  problem of  t h e  minimum time o f  t r a n s i t i o n  from an e a r t h  o r - 

All o r b i t s  a r e 
b i t  t o  o r b i t s  of  o t h e r  p l a n e t s  i s  examined i n  t h i s , s e c t i o n .  


assumed t o  b e  c i r c u l a r .  


The motion of a spacec ra f t  equipped wi th  a f l a t ,  i d e a l l y  r e f l e c t i n g  s o l a r  

sa i l  i s  descr ibed  by t h e  fo l lowing  equat ion  system: 


A 
Tr. Note: Commas i n d i c a t e  decimal p o i n t s .  
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( 3 . 1 7 5 )  

(3.176) 


(3.177) 


(3.178) 


Here r and $I are polar coordinates; u and v are radio and transversal velocity 
components; t is time; 0 is the angle at which the sail is mounted (Figure 39). 
A l l  variables in equations (3.175)-(3.178) are dimensionless. The dimension
less value 0f.ais calculated by the formula 

n 

where r* is the radius of  the earth orbit; Y is the gravitational constant; M * 0 
is the mass of the sun; a* is the ratio of the force of pressure of the light
from the sun to the mass of the spacecraft in earth orbit when 6 = 0 (the
asterisk denotes dimensional values of the variables). 

The dimensional values of the remaining
variables can be found by using the follow-

Y A  ing relations: 

0 Id 
Figure  38 

The conjugate equation system for the 
pulses has the form 

(3.179) 
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(3.180) 


(3.181) 


(3.182) 


We formulate the function 


From the condition of the maximum of the function of H we find 


@ 3 - 3 P p U  . (3.183)t an  e I 
4pv 

From this relation angle e is determined uniquely, since the force of pressure

from the light can be directed only from the sun. 


The final value of angle I$ is not known. Therefore, plb = 0 when t = tk' 
From (3.180) it follows that p

9 
is a constant; therefore, p4 = 0. 

By substituting the value of 8 from (3.183) into equation (3.177)-(3.179), 

we obtain a system of seven differential equations. 


The right-hand parts of the equations are uniform functions relative to 
the pulses. Taking this into consideration, we assume that at the initial mo
ment of time pr = l when rk > l and p, = -1 when rk < l. 

Thus, we are required to find a solution of seven equations (3.175)
(3.179); (3.181), (3.182) for the boundary conditions: when t = 0 

1 - 1 ;  9-0; u-0; u - 1 ;  



The trajectories for transition into orbits of all planets of our solar 


system were determined for a* = 2mm/sec2. Figures 39 and 40 represent the val
ues of e ,  r, +, u, v as functions of time f o r  transition to Mars. The relative 
time 7 = t*/t& where t* is the time of transition, equal to 322 days, is ark 
ranged along the abscissa. Figure 41 and 4 2  represent the saxe functions f o r  
a flight t o  Venus, the duration of which is 164 days. 

The time of transition in years, to orbits of  other planets is 0 . 5 3  for 
Mercury, 6.6 for Jupiter, 17 for Saturn, 49 for Uranus, 96 for Neptune, and 
145 f o r  Pluto. 

Figure 39 Figure 40 

Figure 4 1  Figure 42 
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The dependence of flight time on acceleration was investigated f o r  tran
sition to a Mars orbit: 

n 

Acceleration in mm/secL Time in Days 

264 
248 



CHAPTER 4 

PROBLEM OF M A X I M U M  USEFUL LOAD 

V .  N .  Lebedev  

ABSTRACT, I n  t h i s  chapter  w e  w i l l  cons ider  t h e  problem 
of maximum useful  load f o r  c e r t a i n  maneuvers i n  near
p l an ta ry  space.  AS i n  t h e  preceding chap te r ,  w e  w i l l  a s 
sume here t h a t  t h e  spacec ra f t  is e q u i p p e d  w i t h  a non
t h r o t t l e a b l e  propuls ion s y s t e m .  It i s  a l s o  assumed t h a t  
t h e  e n g i n e  ope ra t e s  through ou t  t h e  e n t i r e  maneuver t i m e .  

In  t h e  preceding chap te r s  w e  have i n v e s t i g a t e d  t r a j e c t o r i e s  wi th  s imple /=
c o n t r o l s  and with opt imal  c o n t r o l s  from t h e  s t andpo in t  o f  speed or minimum 
engine burn time. These s t u d i e s  s i m p l i f y  t h e  s o l u t i o n  o f  t h e  b a s i c  problem of 
op t ima l i za t ion  i n  t h e  dynamics o f  s p a c e c r a f t  [ Z S J ,  which problem i s  t o  f i n d  
such c o n t r o l  o f  t h r u s t  and t o  select  such values for t h e  parameters  o f  t h e  
propuls ion  system as w i l l  make i t  p o s s i b l e  to execute  a given maneuver wi th in  
a s p e c i f i c  pe r iod  of  t i m e ,  i n s u r i n g  maximal u s e f u l  loads .  

In t h i s  chap te r  w e  w i l l  cons ider  t h e  problem o f  maximum u s e f u l  load f o r  
c e r t a i n  maneuvers i n  nea r -p l an ta ry  space.  As i n  t h e  preceding chap te r ,  w e  
asswne here  t h a t  t h e  s p a c e c r a f t  i s  equipped with a n o n - t h r o t t l e a b l e  propuls ion  
system. I t  i s  a l s o  assumed t h a t  t h e  engine ope ra t e s  through ou t  t h e  e n t i r e  
maneuver t i m e .  

§ I .  Formulation of Basic Optimizat ion Problem 

We w i l l  assume t h a t  t h e  t o t a l  s t a r t i n g  weight of a s p a c e c r a f t  G*0 c o n s i s t s  

o f  t h e  fol lowing components: t h e  weight o f  t h e  source  o f  power G* t h e  weight” 
o f  t h e  f u e l  G G ,  and t h e  weight of  t h e  u s e f u l  load G ; :  

(as  i n  t h e  preceding two chap te r s ,  t h e  a s t e r i s k  denotes  dimensional v a l u e s ) .  
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We will further assume that the entire power N* delivered to the engine 

from the source is converted into the power of the reactive jet: 


where q* i s  the mass flow rate of the fuel per unit time; V* is the velocity /lo0.--
of the reactive jet (both of the "slues are constants in the case of a non
throttleable propulsion system). 

If, as is usually done, we assume that the weight of the power source is 

proportional to power, i.e. 


where the constant a* is the 


GI; a * N *  

pecific weight of the pow 
consideration of the expression (4.2), we find 

a*q W 2
GI; = 2 ' 

The weight of the fuel expended between the time t 


where g* is the acceleration of the force of gravity. 


We know that 


4 * - V ' * 
P' 

where P* is thrust. Therefore, 


r source, then, with 


= 0 and t = tk i s  



By s u b s t i t u t i n g  G* and Gf i n t o  (4 .1) ,  we o b t a i n 
N 


Then, by d i v i d i n g  both ha lves  of  t h i s  equat ion by GZ; w e  f i n d  


Here G 
n = G:/G* 

0 
i s  t h e  r e l a t i v e  u s e f u l  load; a*0 = P*g*/G*o i s  t h e  i n i t i a l  

r e a c t i v e  a c c e l e r a t i o n .  


I f  we assume t h a t  f o r  some maneuver executed with a given con t ro l  we know 

t h e  dependence of t h e  time r equ i r ed  f o r  execut ing t h e  maneuver 't*k on t h e  par 


ameters of t h e  propuls ion system a*0 and V*:  

(4.4) / l o 1 
-__ 
b 


then t h e  b a s i c  problem of op t imiza t ion  of t h i s  maneuver i s  formulated i n  t h e  
fol lowing manner [26]: we f i n d  t h e  cond i t iona l  maximum of t h e  func t ion  of 
( 4 . 3 )  o f  two v a r i a b l e s  a" 0 and V* f o r  a given ti i n  t h e  presence o f  r e l a t i o n  

( 4 . 4 )  ( t h e  c o e f f i c i e n t  a* i s  coilsidered t o  be known). 

52. Trans i t i on  t o  Synchronous Orb i t .  

Let us consider  t h e  fol lowing problem. We a r e  r equ i r ed  t o  d e l i v e r  a max
i m u m  r e l a t i v e  u s e f u l  weight i n t o  an e q u a t o r i a l  synchronous e a r t h  o r b i t  (r*k-

= 42,240 km) i n  40 days s t a r t i n g  from a c i r c u l a r  o r b i t  of  r a d i u s  r*0 = 6,671 

k m  and i n c l i n a t i o n  ik = 48". 

The a n a l y t i c a l  s o l u t i o n  of t h e  v a r i a t i o n  problem f o r  speedy t r a n s i t i o n  
between c i r c u l a r  non-coplanar o r b i t s  was der ived i n  57 of  Chapter 2 by t h e  
method of  averages.  The optimal t r a j e c t o r y  f o r  t h e  case of  t r a n s i t i o n  t o  syn
chronous o r b i t  was examined i n  58 o f  t h e  same Chapter.  For  t h e  determinat ion 
o f  t h e  c h a r a c t e r i s t i c  v e l o c i t y  of  t r a n s i t i o n  between c i r c u l a r  non-coplanar 
o r b i t s ,  t h e  fol lowing formula (2.115) was der ived i n  57 of  Chapter 2 :  
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By substituting this value into relation (2.30) 


we obtain the dependence of the maneuver time on a
0 

All values in this relation are dimensionless. 

can be found by using the relations 


re. - rr,,* e  v * - ~ f i ;  

and V :  


The dimensional values 


( 4 . 7 )  / I O 2  


In dimensional variables, relation (4.6) acquires the following form: 


('4.8) 


Thus, we are required to find the maximum of  t h e  function ( 4 . 3 )  
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for the condition that a* and V* are tied together by relation (4.8).
0 

In the problem under consideration it is assumed that a* = 10 kg/kw, 
1-1 = 0.3986-106 km3/sec2 . 

The maximum relative useful weight G n = 0.51 is achieved when a*0 = 1.86 
mm/sec2 and V* = 23 km/sec. In this case the relative weight of the power 
source GN = 0.21 and the relative weight of the fuel Gm = 0.28. 

9 3 .  Kevolution o f  Plane o f  Orbit. 

In the case where r*k = r*0 formula (4.8) acquires the form 

We will examine the problem of the maximum relative useful load during
revolution of a near-earth circular orbit of radius r*0 = 6,671 km by the 
angle ik - 90' in 100 days. This problem reduces to the search for the maxi-
-

mum 


(4.10) 

in the presence of relation (4.9). As in the preceding problem, we assume /lo3 
that a* = 10 kg/kw, p = 0.3986-106 km3/sec2. The solution of this problem 
yields the following results: a*0 = 1.37 mm/sec2 , V* = 34 km/sec; GN = 0.23, 

Gm = 0.35, and Gn = 0.42. 
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I t  should be  noted h e r e  t h a t  during r e v o l u t i o n  of  t h e  p l ane  of t h e  o r b i t ,  
t h e  r a d i u s  does no t  remain constant  (see 97 of Chapter 2 ) .  A t  f irst  t h e  rad
i u s  increases, reaching a va lue  g r e a t e r  than n i n e  times t h a t  of t h e  i n i t i a l  
value,  b u t  t hen  i t  diminishes .  

We know t h a t  t h e  r e v o l u t i o n  o f  t h e  p l ane  o f  an o r b i t  can be  accomplished 
with t h r u s t  normal t o  t h e  in s t an taneous  p l ane  of t h e  o r b i t  ( t he  r a d i u s  of t h e  
o r b i t  i n  t h i s  case remains c o n s t a n t ) .  The c h a r a c t e r i s t i c  v e l o c i t y  of t h e  man
euver i n  t h i s  case i s  given by formula (2.108):  

By s u b s t i t u t i n g  t h i s  r e l a t i o n  i n t o  (4.5) and convert ing t o  dimensional va lues  

by formulas ( 4 . 7 ) ,  we f i n d  t h e  dependence of  t h e  t ime o f  r e v o l u t i o n  of  t h e  

p lane  of t h e  o r b i t  on a,' and V*: 


(4.11) 


The maximum u s e f u l  load (4.10) under t h e  cond i t ion  ( 4 . 1 1 )  f o r  t h e  case 


r*0 = 6,671 km, ik = 90" i s  achieved when a*0 = 1.65 mm/scc2, V* = 31 km/sec. 

Here GN = 0.26, Gm = 0.46, and Gn = 0.28 .  

Thus, t h e  c o n t r o l  discussed i n  57 of  Chapter 2 makes i t  p o s s i b l e  t o  i n  

c rease  t h e  u s e f u l  load by a f a c t o r  of  g r e a t e r  than one a.nd one-half  during r e  

vo lu t ion  of  t h e  pla.nc: of  a nea r -ea r th  c i r c u l a r  o r b i t  by 90" i n  comparison with 

t h e  maneuver using t r a n s v e r s a l  t h r u s t .  


54. Insei-tion o f  Maximal Useful Load Into Parabol ic  O r b i t .  

In  § 3  of  Chapter 2 and i n  92 of  Chapter 3 ,  t h e  approximation formulas f o r  
t h e  determinat ion o f  a c c e l e r a t i o n  time o f  t h e  s p a c e c r a f t  t o  p a r a b o l i c  v e l o c i t y  
were de r ived :  

(4.12) / l o 4 
-
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where c1 = 0.1062, c2 = 0.12 f o r  a c c e l e r a t i o n  with t r a n s v e r s a l  t h r u s t ;  c
1 

= 

= 0.1820, c2 = 0.22 f o r  t a n g e n t i a l  t h r u s t ,  and c 1 = 0.2063, c2 = 0.25 f o r  t h 

r u s t  which i s  opt imal  i n  t h e  sense  of speed. This  r e l a t i o n  makes i t  poss ib l e  

t o  so lve  t h e  problem of  i n s e r t i o n  o f  maximum u s e f u l  load i n t o  a pa rabo l i c  

o r b i t .  


Using formulas (4 .7)  along wi th  (4.12) w e  ob ta in  


The problem reduces t o  a search  f o r  a cond i t iona l  maximum of  (4.10) when 
r e l a t i o n  (4.13) i s  app l i ed  t o  a*0 and V*. 

We w i l l  assume t h a t  r* 0 = 6.671 km, t*k= 40 days,  a* = 10 kg/kw, and 

1-1 = 0.3986.10 6 Itm3/ s e c  2 . 
The r e s u l t s  of  t h e  s o l u t i o n  a r e  l i s t e d  i n  Table 4 .  


Table 4 


. .  

GN G m  G n  
~- ~ _ _ _  

Transversal  1,730 22.59 0,1964 0,2661 0,5373 
Tangent ia 1 1,725 22,56 0.1950 0,2648 0,5402 
Optimal 1 1,726 1 22.56 0, I947 0.2 64-1 0,5408 

During a c c e l e r a t i o n  wi th  t a n g e n t i a l  and t r a n s v e r s a l  t h r u s t ,  t h e  va lue  of  
u se fu l  load i s  only a f r a c t i o n  o f  a per -cent  less than  i n  t h e  case  o f  t h e  opt 
imal maneuver. This  i s  f u r t h e r  confirmation of  t h e  a d v i s a b i l i t y  o f  us ing  
t r a n s v e r s a l  and t a n g e n t i a l  t h r u s t  f o r  a c c e l e r a t i n g  a s p a c e c r a f t  t o  pa rabo l i c  
ve1o c it y . 
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